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The theoretical basis for the energy carried away by gravitational waves that an isolated
gravitating system emits was first formulated by Hermann Bondi during the 1960s. Recent
findings from looking at distant supernovae reveal that the rate of expansion of our Universe
is accelerating, which may be well-explained by including a positive cosmological constant
into the Einstein field equations for general relativity. By solving the Newman-Penrose
equations (which are equivalent to the Einstein field equations), we generalise this notion
of Bondi mass-energy and thereby provide a firm theoretical description of how an isolated
gravitating system loses energy as it radiates gravitational waves in a Universe that expands




1I am indebted to my dear raylative, Ray Mond. One fine day at home whilst I was sitting in front of the
computer reading some stuff on relativity, my little brother came along and stood next to me. After staring
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This PhD project began with Jörg pointing out an integral formula on hypersurfaces that
he derived a couple of decades ago [1], using the Sparling-Nester-Witten identity. Amongst
several applications of his integral formula, one was to derive the famous Bondi mass-loss
formula by using the asymptotic solutions for asymptotically flat spacetimes. As interest
rapidly grew over the last few years towards trying to describe the energy carried by gravi-
tational waves in our Universe which expands at an accelerated rate, he suggested that one
could do something similar using his integral formula — if one has the asymptotic solutions
to asymptotically de Sitter spacetimes. The idea that he had was to use the conformal ver-
sion of the spacetime where null infinity I is a spacelike hypersurface, to obtain the relevant
fall-offs for certain spin coefficients.
Back then however, I did not know how to deal with the conformal field equations. As
I looked into the literature on the Bondi mass and the mass-loss formula, I found instead,
that one way to do this (without a cosmological constant) was to solve the Newman-Penrose
equations in physical spacetime, with the mass-loss formula appearing as a consequence of
one of the Bianchi identities. Ergo, I set out to do this, i.e. follow the steps of Newman and
Unti to derive the asymptotic solutions to the Newman-Penrose equations with Λ ∈ R. To
do so, my initial goal was to search for an appropriate coordinate system for a spacetime
with non-zero Λ and reduces exactly to the known asymptotically flat ones when Λ is set to
zero. As it turned out, I found that good old spherical coordinates would do the job. With
this setup, I could then study the simple de Sitter as well as Schwarzschild-de Sitter models,
working out the null tetrad, the spin coefficients, and the Weyl spinor. In my opinion, such
simple investigations formed crucial building blocks for this research project, enabling me to
eventually enunciate an ansatz for the fall-offs for general asymptotically de Sitter spactimes,
and crawled my way through the laborious and serpentine technicalities involved in solving
the 38 Newman-Penrose equations — including getting completely stuck for a couple of
months on some subtle details.
vii
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This task is by no means merely a straightforward copy of Newman-Unti’s asymptotically
flat calculations. The presence of a cosmological constant made the work significantly more
onerous, as many terms and equations are no longer just zero. In particular, the non-null I is
non-conformally flat in general, and terms/equations “which used to be trivially satisfied” are
now huge expressions here, for example: certain commutators which were zero are no longer
true [see Eqs. (A.142)-(A.146)]. In many ways, the physics with a cosmological constant
is disparate from that of the asymptotically flat case and there have been intriguing new
features revealed by this research.
I am glad that this has culminated in the complete general asymptotic solutions to empty
asymptotically de Sitter spacetimes, and therefore a proposal for the mass and mass-loss
formula with Λ > 0. These results have been successfully published in Physical Review D
[2], and become the essential contents of Chapter 2 of this PhD thesis. Subsequently, it is
relatively easy to extend this work to include Maxwell fields, which has been published in
Physical Review D as well [3]. To disseminate these findings, I have presented talks on this
subject at various conferences, with a conference proceeding appearing as a brief review in
Modern Physics Letters A [4]2. Incidentally, a technical detail relating to the peeling property
when there is a non-zero Λ may be found in Ref. [5] (which is the content of Appendix E in
this thesis). A longer review article for this research area on the mass loss due to gravitational
waves with Λ (which may perhaps be regarded as a concise version of this thesis) has also
been published, in International Journal of Modern Physics D [6]. Finally, a paper that
derives the mass-loss formula using Jörg’s integral formula is available [7].
The first chapter of this thesis provides an overview of the recent research activities in this
topic, containing descriptions of the results obtained by various research groups around the
world and how they link up with those presented in this thesis using the Newman-Penrose-
Unti approach. In fact, many of the partial results reported by other researchers could be
deduced from this approach. Chapter 2 is the main part of this thesis that elaborates on
the physics of an isolated gravitating system losing mass due to energy carried away by
gravitational waves in our Universe which expands at an accelerated rate. The following
chapter is the extension to include Maxwell fields, before then concluding this PhD thesis.
Numerous heavy technical calculations are given in the appendices.
2This is for the Conference on Cosmology, Gravitational Waves and Particles 2017 in Singapore. Before
that, I received an Honorary Mention for the Aitkin Prize at the New Zealand Mathematical Society Collo-
quium 2016 in Wellington, where I met Roy Kerr again! Recently, I was named as the Winner for the Karl
Schwarzschild Prize for the best overall contributed talk at the 3rd Karl Schwarzschild Meeting in Frankfurt.
Chapter 1
Introduction
Backed by numerous affirmative experimental results, Albert Einstein’s 1915 theory of general
relativity (GR) is understood as the appropriate extension of the centuries-old Newtonian
theory of gravitation. The present time is an exciting period to be working in this field,
especially when we have just celebrated the first ever direct detection of gravitational waves
[12, 13]. Being significantly more complicated, GR’s field equations give rise to many bizarre
new mathematical solutions not contained in Newton’s simple differential equations. The
latter treated gravitation as a force, relating the gravity of a massive object (law of universal
gravitation) to the dynamical behaviour of another massive object (second law of motion).
With a disparate view of gravity being manifested as the curvature of a spacetime pseudo-
Riemannian manifold, Einstein’s theory has led to novel and unprecedented theoretical phe-
nomena. For instance, spacetime manifolds can have peculiar structures with non-trivial
topologies allowing for the possibility of a so-called “shortcut through spacetimes”. Such a
construction of traversable wormholes was shown to be theoretically plausible by Morris and
Thorne [14], if one allows for the existence of “exotic matter” having unconventional physical
properties which violate the usual energy conditions. Interestingly, there are designs of such
curved traversable wormholes with safe geodesics through them such that a traveller need
not directly encounter the exotic matter [8, 9]. Apart from spatial shortcuts, GR also per-
mits time travel into the past as some spacetimes have been found to contain closed timelike
curves1 [11, 15, 16]. In fact, an early solution to GR that sparked questions on its physical
1This novel method of constructing spacetimes by generating manifolds of revolution around a given curve
was inspired by the development of helicalised fractals [10], where a curve is replaced by another curve that
winds around it. Essentially, 2-surfaces are strung together along a given smooth curve to produce a 3-
manifold, thereby providing a means of foliating such 3-manifolds. Applications of this method so far, have
been to construct curved traversable wormholes in Refs. [8, 9] as well as to solve the linearised vacuum GR
1
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meaning as well as perhaps cast serious doubts on whether GR is a viable theory of gravity is
the Schwarzschild solution representing a spherically symmetric black hole, where the space-
time manifold is non-regular at one point [17]. Another early discovery was made by Einstein
himself, after solving his field equations to first order and arriving at wavelike solutions [18].
Whilst the above four phenomena — wormholes, closed timelike curves, black holes,
gravitational waves, are theoretically predicted by Einstein’s theory of general relativity, the
prime question of interest to physicists is certainly whether these represent actual physical
reality of our universe or are merely mathematical curiosities. Shortcuts through spacetime
have been a favourite key plot for science fiction2. However, the mandatory presence of even
an arbitrarily infinitesimal amount of exotic matter to support such traversable wormholes
[19] would arguably veto its physical relevance, in spite of the Casimir effect being a known
example of such exotic matter [20, 21, 22]. Also, the notion of time travel into the past intro-
duces awkward paradoxes and one may wish to expostulate with solutions containing closed
timelike curves as being unphysical. Nevertheless, black holes have been accepted as real
astrophysical objects — in particular, the first direct detection of gravitational waves from a
compact binary system shows that this source must be highly compact objects consisting of
a pair of black holes [12].
The question on whether gravitational radiation is a genuine physical phenomenon or just
a coordinate/gauge artefact took nearly 50 years to resolve. Einstein’s wavelike solutions from
the linearised field equations meant that those represent weak gravitational fields and it was
thought that higher order contributions of the coupled set of non-linear partial differential
equations would possibly cancel out such wavelike effects. Incidentally, one major difficulty
in describing the energy carried by gravitational waves has to do with the key physical
underpinning of GR itself, viz. the equivalence principle, which allows for gravitational
effects to be locally eliminated [23].
It was finally accepted by most physicists in the 1960s that gravitational waves constitute
a real physical entity, when Bondi et al. showed that the total mass-energy of an isolated
gravitating system must decrease when it emits gravitational radiation, i.e. gravitational
waves carry energy away from the massive source [24, 25]. By starting off with an ansatz
for an axisymmetric spacetime involving outgoing null cones defined by constant values of
equations in Ref. [11].
2In fact, Morris and Thorne’s work on traversable wormholes [14] was motivated by Carl Sagan’s enquiry
on whether our best known theory (circa 1985) allowed for such possibilities, as he was writing his now famous
book Contact.
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the coordinate u, an asymptotic expansion towards large distances r away from the isolated
system was carried out. The Bondi mass-loss formula was then obtained from one of the
“supplementary conditions” (arising from the Bianchi identities) whose r−2 factor cancelled
out [25]. Very shortly after, Sachs dealt with the general asymptotically flat spacetimes
without axisymmetry [26].
Incidentally, this Bondi mass can be defined from a Hamiltonian framework [27, 28], and
this shows that it is the total mass-energy within a shell of radius r, with r taken to infinity
along a null direction — i.e. at null infinity, I. This circumnavigates the issue of locally
eliminating the effects of gravity due to the equivalence principle, since the Bondi mass is
concerned with the total mass-energy of the entire (asymptotically flat) spacetime (i.e. it is
generally not possible to eliminate the effects of gravity at more than one single point)3. The
Bondi mass is also the time component of the Bondi momentum, based on the translations
subgroup of the group of supertranslations [32].
Around that same period (1960s), Newman and Penrose (NP) came up with an equivalent
formulation of GR expressed in terms of 38 NP equations [33]. Newman and Unti then solved
these equations for asymptotically flat spacetimes, using a similar setup involving outgoing
null cones given by constant values of the coordinate u [34]. With this, the Bondi mass-loss







where MB is the Bondi mass, A = 4π (the area of the unit sphere), and σo is the leading
order term of the complex spin coefficient σ when expanded in inverse powers of r (and is
directly related to the Bondi “news function” [25]). This quantity σ has the geometrical
interpretation of measuring the shear of the congruence of outgoing null geodesics. The
dot denotes derivative with respect to u, and a non-zero σ̇o is interpreted as gravitational
radiation being emitted by the isolated system. The integral is carried out over a compact
2-surface of constant u on I.
Details on some related history may be found in the article by Frauendiener [35]. A
description of the Bondi-Sachs formalism is available on Scholarpedia by Mädler andWinicour
[36], with that on the NP formalism presented by Newman and Penrose [37].
3If this shell is taken to spatial infinity instead, then one arrives at the ADM mass, which remains constant
even though a system loses energy due to gravitational radiation [28, 29, 30, 31].
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1.1 Current research: Bondi mass and mass loss due to gravi-
tational waves with Λ > 0
It has been observed that our universe is expanding at an accelerated rate [38, 39], and a
simple way of taking this into account would be to have a positive cosmological constant
Λ > 0 in the Einstein field equations. The presence of Λ > 0 however, would alter the
conformal structure of spacetime where null infinity is a spacelike hypersurface, instead of
a null hypersurface when Λ = 0 [40]. A great deal of work to describe the energy carried
by gravitational waves with Λ > 0 has been ongoing over recent years, invoking a raft of
different methods [2, 3, 4, 5, 6, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51].
One way of going about this is to take the NP equations with a cosmological constant
Λ and solve them asymptotically in a manner similar to how Newman and Unti did it for
asymptotically flat spacetimes. This behaviour of asymptotically empty (anti-)de Sitter
spacetimes is worked out in this thesis, with a further extension to include Maxwell fields
as well. Hitherto, this thesis appears to be the only proposal of a Bondi mass together with
a mass-loss formula (therefore, a deduction of the energy carried by gravitational waves)
that has a cosmological constant — within the full non-linear Einstein’s theory of general
relativity, as well as having the appealing form which directly reduces and clearly relates to
the well-known asymptotically flat case when Λ is set to zero [e.g. giving Eq. (1.1) above].
In addition, we also obtain the peeling properties of the Weyl and Maxwell spinors with Λ,
just like how Newman and Penrose derived it rather easily with the NP formalism for the
Λ = 0 version [33]. This provides an explicit derivation of the peeling property based on the
physical spacetime, complementing the same result obtained by Penrose for asymptotically
simple spacetimes (i.e. with a cosmological constant) using the conformal approach [40].
Apart from the work presented here, there are nevertheless, two other proposals for the
Bondi mass with Λ given by Szabados and Tod [41], as well as by Chruściel and Ifsits [42],
using the full non-linear theory.
These three approaches, viz. this thesis, Szabados-Tod, Chruściel-Ifsits, are independent
and seem to be unrelated: 1) Here, we solve the NP equations with Λ asymptotically à la
Newman and Unti purely in physical spacetime (i.e. without directly invoking the confor-
mal structure); 2) Szabados and Tod used twistor methods; whilst 3) Chruściel and Ifsits
essentially also solved the Einstein equations asymptotically (and so would in principle be
equivalent to what we have produced). However, instead of solving the NP equations, they
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made use of the Fefferman-Graham expansions that assume a smooth conformal compactifi-
ability of vacuum spacetimes [52, 53]. Moreover, their key result is referred to as a “balance
formula” which gives an expression for the mass, instead of a mass-loss equation. In other
words, their “balance formula” as presented in Eqs. (5.56) or (9.1) in Ref. [42] is not of the
“mass loss” type in Eq. (1.1) above. Anyway, it should be noted that the expression for the
mass that they obtained is manifestly positive-definite.
At present, it is not obvious how to draw meaningful comparisons between these different
proposals which are based on completely distinct ideas. In particular, they (and this thesis)
all use disparate notations and techniques, which obfuscate how a set of terms from one work
would relate to the others. Nevertheless, there is one noteworthy observation: in one of this
thesis’s proposals for the Bondi mass with Λ > 0, i.e. Eq. (2.152) in Section 2.4 below, there
is a new term involving Λ comprising a surface integral over a topological 2-sphere of constant
u on I involving its Gauss curvature, followed by another integral over u. Coincidentally,
the “balance equation” for the mass by Chruściel and Ifsits has a term which is interpreted
as a renormalised volume of the null hypersurface. This is certainly one point that should
be more closely investigated. Note also that whilst the Chruściel-Ifsits mass is manifestly
positive-definite, we propose the mass to be of such a form in Eq. (2.152) so that the mass-
loss formula with Λ > 0 is manifestly positive-definite (in the absence of incoming radiation),
Eq. (2.154) below. Ergo, this guarantees that the energy carried by gravitational waves is
strictly non-negative. Furthermore, we also show that if one adopts the same definition of the
Bondi mass MB from Λ = 0 to the Λ > 0 case, then purely quadrupole gravitational waves
would carry away a manifestly positive-definite energy from the isolated source.
In the asymptotically flat case incidentally, the original approach to this problem by Bondi
et al. [25] also carried out an asymptotic expansion towards null infinity I for an axisymmetric
system (with Sachs providing the analysis for general asymptotically flat spacetimes [26]).
The Bondi-Sachs way is equivalent to the Newman-Penrose-Unti method4. As it turns out,
He and Cao have strived to mimic the Bondi approach [43], and further succeeded to extend
their study with Jing to include Maxwell fields [44]. They proposed a new leading term in
the Bondi ansatz for the axisymmetric metric to account for Λ, and calculated the dyad
component of the Weyl spinor Ψ4 to show that it has an r−1 leading term containing the
usual Bondi news plus new terms due to Λ. The appearance of the Bondi news signifies the
4There is an anecdote given in Ref. [36], describing the independent and parallel developments by Bondi
et al., versus Newman, Penrose, Unti, back in the 1960s. Bondi would ask at meetings: “Are you a qualified
translator?”, as these two approaches used notations and formalisms which were completely different.
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usual notion of gravitational radiation carrying energy away from the source, with corrections
due to the cosmological constant.
Apart from that, they are perhaps the first to calculate the metric for I with Λ (in the
axisymmetric case), which evidently showed that it is non-conformally flat when the Bondi
news is non-zero — i.e. the Cotton tensor for I vanishes if and only if the Bondi news is
zero. This is because one cannot specify all the compact 2-surfaces of constant u on I to
be round 2-spheres (see Section 2.5 in Chapter 2 below). The identical axisymmetric metric
for I is also independently produced in this thesis [see Eq. (2.177)] as it follows from 2 of
the 38 NP equations (the metric equations for D′ξµ), and this similarly holds for the general
non-axisymmetric case (see Section 2.5 below). The paper by He and Cao [43] however,
did not seem to go on and use the supplementary conditions, i.e. the Bianchi identities, to
get the mass-loss formula. If one would actually do that, the expected result would be the
mass-loss formula that we present in this thesis, since it is the same Bianchi identity that
gives rise to a derivative of the “mass aspect” with respect to the retarded null coordinate
u — regardless of whether one uses the Bondi-Sachs or the Newman-Penrose formalism [see
Eq. (2.118) below in Section 2.3 of Chapter 2]. Incidentally, both this thesis (see Section
3.2 in Chapter 3 below) and He et al. [44] independently found that the Maxwell fields do
not affect the structure of I — i.e. electromagnetic radiation carrying energy away from an
isolated source does not lead to I being non-conformally flat. This may be thought of as
a consequence of the Maxwell equations being conformally invariant, whereas the Einstein
field equations are not [40].
Whilst the work in this thesis and He et al. are based exclusively on the physical spacetime,
Penrose had illustrated the power of conformal compactification back in the 1960s [54, 55].
This is undoubtedly one prime avenue for researchers to study the problem of formulating
the Bondi mass and the mass-loss formula with Λ > 0.
1.1.1 Conformal structure
Prior to the discovery in the 1990s supporting a need for Λ > 0, there have been some
investigations of the mass with a cosmological constant [56, 57, 58], though not of a “Bondi-
Sachs” type that would decrease when an isolated system radiates gravitational waves. There
was nevertheless, a paper by Hawking who studied gravitational radiation in an expanding
universe, and in some setup which would reduce to the Bondi mass for asymptotically flat
spacetimes [56]. A first clear desire to obtain the Bondi mass for a universe with Λ > 0 might
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have been expressed in an article by Penrose [59]. His motivation arose from his proposal
on the “conformal cyclic cosmology” (CCC) [60], which relies heavily on the conformally
compactified asymptotically de Sitter spacetimes having a spacelike I. According to his
CCC proposal, the future null infinity of a previous aeon would form the big bang for the
succeeding aeon, so gravitational radiation from the former universe would propagate into the
next one. Whilst this would intriguingly lead to some testable predictions, it also necessitates
the formulation of a well-defined notion of a “Bondi” type mass for asymptotically de Sitter
spacetimes in order to correctly describe the energy carried by gravitational waves in a
universe with Λ > 0. Penrose’s 2011 paper became somewhat of a precursor to the work
by Szabados and Tod [41] that evolved into using twistor methods. Incidentally, the latter
demonstrated that Penrose’s suggestion for a definition of a cosmological mass based on a
charge integral of curvature [59] does not have the “rigidity property” (so it could be zero
even for non-trivial setups).
In their extensive and technical paper [41], Szabados and Tod began with examining the
conformal properties of asymptotically de Sitter spacetimes and reported that with Λ > 0,
it is generally not possible to foliate the spacelike I by round 2-spheres. This has the
ramification that I would be non-conformally flat, unless one forces all these compact 2-
surfaces to be round 2-spheres (which we are also able to deduce based on the physical
spacetime — see Section 2.5 below). Ostensibly surprising initially, Ashtekar, Bonga and
Kesavan who similarly worked with the conformal structure [45] discovered that imposing
conformal flatness on I would imply that the energy carried by gravitational waves away
from the isolated source is zero, as it corresponds to having the magnetic part of the leading
order asymptotic Weyl curvature to be zero5.
Also from the conformal approach in studying de Sitter-like spacetimes, Szabados and Tod
derived the fall-offs for the metric and spin coefficients of asymptotically de Sitter spacetimes.
This proved to be highly beneficial, as the ansatz for these fall-offs made in this thesis purely
by investigating the Schwarzschild-de Sitter spacetime (only the physical one, but not the
5This is analogous to the study on asymptotically anti-de Sitter spacetimes back in the 1980s by Ashtekar
and Magnon [61], where conformal flatness of the timelike I was assumed. This allowed for conserved
quantities to be written as integrals involving asymptotic Killing fields of the anti-de Sitter background.
These quantities are however, absolutely conserved (in the absence of matter fields near I), i.e. there is no
Bondi news analogous to the asymptotically flat case. The asymptotic solutions obtained here in this thesis
show that conformal flatness of I for any non-zero Λ ∈ R cannot be imposed by hand, especially if one wishes
to describe gravitational waves. This is because the radiating isolated source would determine the structure
of I when Λ 6= 0.
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conformal one) turned out to be consistent with those given by Szabados and Tod— providing
validation that such a stipulation are merely fixing gauge freedoms and the corresponding
asymptotic solutions are general. The eventual key result of Szabados and Tod was to obtain
a “Bondi” type mass for de Sitter-like spacetimes using twistor methods and the Nester-
Witten 2-form6 [62]. Furthermore, they succeeded in proving that this expression for the
mass is positive-definite and has the desired rigidity property (so it does not just vanish for
some non-trivial systems).
1.1.2 Linearised theory
After showing that a conformally flat I for Λ > 0 does not allow energy to be carried
away by gravitational waves [45], Ashtekar, Bonga and Kesavan subsequently worked this
out explicitly in the linearised version, as well as in the Maxwell theory when the magnetic
field is set to zero at I [46]. To do so, they employed the covariant phase space formalism
[31], making use of the Killing fields of the de Sitter background. As a natural next step,
these authors went ahead to produce the quadrupole formula for linear fields [47], thereby
generalising Einstein’s result [18] to now include a cosmological constant.
Notable results from their work are: 1) Gravitational and Maxwell radiations may pur-
portedly carry an arbitrarily negative energy away from the isolated system, though for
physically relevant systems the energy carried away is necessarily positive-definite. They
argued that the “negative energy” is actually incoming radiation from elsewhere, associated
with the timelike Killing vector field becoming spacelike and past-directed beyond the iso-
lated system’s cosmological horizon7. In this thesis’s full mass-loss formula [see Eq. (2.153)
below for purely gravitational waves, i.e. without Maxwell fields], there is an explicit term
containing the dyad component of the Weyl spinor Ψo0 (where the superscript o denotes its
leading order term), clearly indicating that a non-positive-definite contribution is due to
6There is an integral formula on a hypersurface that was derived by Frauendiener based on the Nester-
Witten identity [1], and is expressed using the NP spin coefficients. One of the several applications of
this integral formula on a hypersurface is to produce the Bondi mass-loss formula for asymptotically flat
spacetimes, i.e. Eq. (1.1), by adapting this into a null hypersurface that approaches I and plugging in the
Newman-Unti asymptotic solutions for asymptotically flat spacetimes [34]. From this perspective, the mass-
loss formula may be thought of as a geometric property — arising from this Nester-Witten identity. With
the cosmological constant present, one can adapt the spacelike (or timelike, depending on the sign of Λ)
hypersurface to approach I, and apply the asymptotic solutions found in this thesis. This is discussed in Ref.
[7].
7See Fig. 2 in Ref. [46] for their explanation of a “past-directed” spacelike vector.
1.1. CURRENT RESEARCH 9
incoming radiation from elsewhere, thereby affirming this deduction8. Furthermore, this is
particularly perspicuous for the electromagnetic (EM) case as can be seen in Eq. (3.84) below,
where outgoing EM radiation carries positive-definite energy away from the isolated source
and incoming EM radiation from elsewhere carries positive-definite energy to the source. 2)
Besides that, Ashtekar et al.’s linearised quadrupole formula showed that the corrections due
to the cosmological constant are in powers of
√
Λ, and they play a negligible role such that
LIGO would not be able to detect any difference between Λ > 0 and Λ = 0. A summary of
their results may be found in Ref. [48].
Apart from papers by Ashtekar, Bonga and Kesavan [46, 47], there are also others who
reported results based on the linearised gravitational theory [49, 50]. For instance, Bishop
worked within the Bondi-Sachs framework [having the same u, r, xµ coordinates used in this
thesis, i.e. the metric for (anti-)de Sitter spacetime is Eq. (2.1) below in these coordinates
(when the Schwarzschild mass M is set to zero)] to construct exact solutions to the linear
theory and got an expression for the energy of the radiation measured by distant observers
[49]. The corrections due to the cosmological constant are shown to be in positive integer
powers of Λ. This is consistent, as we show in this thesis from the full non-linear theory,
that an expansion for tiny Λ would also give corrections to the mass-loss formula in positive
integer powers of Λ (see the end Section 2.5.2 below, where it is shown explicitly for the
axisymmetric case). On top of that, Bishop arrived at the expected peeling property of the
Weyl spinor, and that the corrections due to Λ are ignorable for systems of interest (which
LIGO would be able to look out for).
In contrast to the full theory dealt with here, the linearised theory by Bishop does not
reflect the nature of I being non-conformally flat and the perturbations are carried out with
respect to the de Sitter background. Perhaps in a future study, one may consider a linearised
theory expanded over such a non-conformally flat I, like in Eq. (2.171) [or Eq. (2.177)
with axisymmetry] below. Such a linearised theory would then provide a more concrete link
between this thesis’s proposal for the mass/mass-loss formula to those when the gravitational
waves are weak.
A paper by Date and Hoque also based their study on the linearised theory [50], working
with two different coordinate systems which are useful and natural according to different
viewpoints: 1) Using “Fermi normal coordinates” they found corrections to the energy carried
8Note that Ψ4 and Ψ0 represent outgoing and incoming gravitational waves, respectively. Similarly, φ2
and φ0 represent outgoing and incoming electromagnetic waves, respectively.
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by gravitational waves due to the cosmological constant to be in powers of Λ, just as we found
here and similarly by Bishop. 2) With “conformal coordinates” however, the corrections are in
powers of
√
Λ, which is a feature of the result reported by Ashtekar et al. [47]. This explicitly
indicates how different types of coordinate systems would lead to apparently different kinds of
corrections. They also defined a gauge-invariant quantity which carries information relating
to the polarisation modes of the waves. In relation to this, Bishop similarly argued for the
physical relevance of Ψ4 being gauge-invariant and discussed its relationship to the deviation
of nearby geodesics using the Riemann tensor.
Hence, a lesson from linearised theory is that whilst they provide useful approximations
to the full theory as well as a means for gleaning insightful intuition, care must be taken in
making comparisons since different choices of coordinates, tetrads, gauges would drastically
lead to seemingly disparate expressions.
1.1.3 Asymptotically de Sitter spacetimes that are not consequences of
smooth conformal compactification
Intriguingly, a preprint (at the time of writing this thesis) recently appeared [51], where
Xie and Zhang formulated a different boundary condition at infinity for the physical metric.
They found that this allows for a different kind of peeling of the Weyl spinor, though the
usual peeling can be recovered by introducing certain conditions. A curious result is that
for Λ 6= 0, in spite of the absence of the usual Bondi news, there is still a non-zero O(r−1)
term for Ψ4 due to the cosmological constant. This is an illustration of how the cosmological
constant leads to bizarrely new physics of gravitational radiation, which is not found for
asymptotically flat spacetimes.
Their new boundary condition corresponds to our Xµ in Eq. (2.72) having a fall-off of
order O(1) instead of O(r−1)9. This however, would lead to an asymptotic form of the metric
that cannot be derived from the conformal approach. More specifically, their metric, when
compared to Eq. (4.18) in the work of Szabados and Tod (who produced the asymptotic fall-
offs for the physical metric based on the conformal approach [41]), differs in the guu as well
as the guθ components — and cannot be obtained from Eq. (4.18) of Ref. [41]. Nevertheless,
we live in physical space and the property that there is a smooth conformal extension at
infinity (which is the basis for such a conformal compactification by Penrose [40]) is an
9I thank Xiao Zhang for explicitly pointing this out to me, in terms of the Newman-Unti null tetrad that
I have employed.
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assumption — albeit a highly useful one and is the mainstream compactification method in
general relativity. In fact, there are other ways to compactify spacetime, for instance one
which preserves geodesics, viz. projective compactification [63].
1.1.4 The Newman-Penrose-Unti approach
We end this introductory chapter by providing a summary of the key results that have been
found in this PhD research, on the asymptotic behaviour of de Sitter-like spacetimes and
the mass loss of an isolated gravitating system due to energy carried away by gravitational
waves in a Universe that expands at an accelerated rate [2, 3, 4, 5, 6]. This research is based
on the Newman-Penrose-Unti approach [33, 34]:
1. The mass-loss formula with Λ > 0 reported in this thesis, Eq. (2.153), is an exact
result within the full non-linear Einstein’s theory of general relativity. Many features
of asymptotically de Sitter spacetimes as reported by other work/approaches, may be
obtained directly using the NP formalism. The overview given in the previous sub-
sections provides a bird’s-eye view for the web of relations amongst the raft of papers
that have appeared [2, 3, 4, 5, 6, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51].
2. This approach used in this thesis has successfully produced the general asymptotic
solutions with Λ ∈ R, including the presence of Maxwell fields. Whilst the original
aim was to deal with Λ > 0, the results apply even to the case where Λ < 0. This
has the implication that one cannot impose conformal flatness on the timelike I for
a universe with Λ < 0, if gravitational waves carry energy away from the source10.
Furthermore, it reduces to the known general asymptotic solutions for asymptotically
flat spacetimes (as found in Ref. [62]). This is crucial, because we have so far obtained
great agreement between experimental observations and the theory that assumes Λ = 0.
Ergo, a generalising theory that includes Λ must be able to reproduce the Λ = 0 results.
3. The exact expression associated with outgoing gravitational radiation, i.e. the O(r−1)
10This is in sharp contrast to the assumption that conformal flatness of I in the Λ < 0 case is “natural”
and serves as a so-called “reflective boundary condition that can be inserted by hand” [45, 61, 64, 65, 66].
The “no Bondi news” result reported by Ashtekar and Magnon [61] is a repercussion of the stipulation of
the timelike I being conformally flat (albeit with some motivation, e.g. the symmetries of the anti-de Sitter
background), just like the Λ > 0 situation [45]. See also the recent work by Friedrich that examined the
boundary conditions on the timelike I in studying stability issues with Λ < 0 [67], and the references found
there. Incidentally, Szabados and Tod noted some errors in the analysis carried out by Ref. [61].
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order terms of Ψ4, is obtained [see Eq. (2.121) in Section 2.3], containing the usual
shear term ¨̄σo as well as new terms due to a non-zero Λ. Corrections due to a tiny Λ
may be expanded as a series in positive integer powers of Λ.
4. The mass-loss formula is obtained from one of the Bianchi identities, i.e. Eq. (2.118),
in a manner analogous to how Newman and Unti got it [34]. A new Λ2-term containing
the leading order term of Ψ0 appears, indicating the presence of incoming radiation
beyond the isolated system’s cosmological horizon that gets picked up by the mass-loss
formula in Eq. (2.153), since I is a spacelike hypersurface when Λ > 0.
5. The structure of I being non-conformally flat when an isolated gravitating system
radiates gravitational waves in a universe with a non-zero Λ is manifested. In fact,
we have the general expression for the Gauss curvature of these topological 2-spheres
of constant u on I [see Eq. (2.125) in Section 2.3], since it arises from one of the
NP equations involving the derivatives of α and α′ (these are 2 of the 12 complex
spin coefficients in the NP formalism, which are essentially the connection coefficients)
intrinsic to these 2-surfaces [68]. The general metric for I can also be obtained [at least,
this is analytically worked out explicitly for the axisymmetric case, viz. Eq. (2.177)].
With this, one can further study the asymptotic symmetries or try solving the Killing
equations for I, as discussed below in Section 2.7.
6. The peeling properties of the Weyl and Maxwell spinors for asymptotically simple
spacetimes are derived in a straightforward way, just like the case where Λ = 0 [33].
Although there are ambiguities in defining the radiation field when Λ 6= 0 [62] (in
particular, there is no well-defined timelike infinity i+), the setup here for an isolated
system in an electro-Λ spacetime naturally places it within a neighbourhood of r = 0.
(This may be seen in the Schwarzschild-de Sitter spacetime, when expressed using
spherical coordinates [69].) Timelike infinity i+ for this isolated system is r = 0 when
time goes to infinity, and the asymptotic expansion is carried out in powers of r−1,
where r →∞ defines I.
7. As discussed by Penrose [59], the null hypersurface I for Λ = 0 is naturally ruled by
a set of null generators that serves as the progression of time. He elaborated that for
Λ < 0, the timelike I similarly allows for a passage of time as discussed by Ashtekar
and Magnon [61]. The hypersurface I being spacelike for Λ > 0 however, implies that
any time evolution would bring one away from I, so this somehow makes this case
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seemingly disparate from the other two.
Nevertheless with an isolated system (which is the physical situation of interest here),
we can associate the retarded time coordinate u of the isolated system to define outgoing
null cones. For some region sufficiently far away from the isolated system, such outgoing
null cones of constant u defined by the isolated system would uniquely construct a
foliation of I. One would therefore have a desired description of a “passage of time on
I” — as defined by the isolated system.
Furthermore, this then allows for the coordinate r to be taken as an affine parameter
of the outgoing null geodesics, and recognise the peeling property of the Weyl (and
Maxwell) spinor(s) (as mentioned in the previous point).
One may take such a perspective even in the asymptotically flat case. Then we may
think of the u coordinate of the isolated system as defining outgoing null hypersurfaces
which provide a foliation of the null I.
8. Incidentally, one may try to define conserved quantities from the relations arising from
the Bianchi identities, as was carried out in the asymptotically flat case [70, 71, 72]
(although, this may require some kind of generalisation of the usual spherical harmonics
on a round 2-sphere to some quantities defined on a topological 2-sphere).
The Newman-Penrose-Unti approach forming the basis for this PhD research essentially
contains most of the results obtained by the conformal studies [41, 45], the insights from the
linearised gravitational theory and Maxwell theory [46, 47, 49, 50], as well as the metric for
the non-conformally flat I for an axisymmetric gravitationally radiating system reported in
Ref. [43]. On top of that, this thesis also appears to be the only work so far that explicitly
yields a “mass loss” type relationship for the full non-linear gravitational theory — arising
from one of the Bianchi identities, in the same way the Bondi mass and mass-loss formula
were derived for asymptotically flat spacetimes.
1.2 Mathematical preliminaries
In the asymptotically flat case, the assumption made by Newman and Penrose was only
Ψo0 = O(r
−5), together with “uniform smoothness” [33]. With this single condition as their
starting point, they were able to deduce the fall-offs for everything else, viz. the other dyad
components of the Weyl spinor (the peeling property), spin coefficients and the unknown
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functions in the null tetrad. This was possible by harnessing the powerful mathematical
result of Coddington and Levinson (see the details in Ref. [33]). Eventually, the freely-
specifiable physical functions are:
Ψ0, on a null hypersurface u = constant (1.2)
Ψo1 and Re(Ψ
o
2), on a u = constant cut of I (1.3)
σo, on I. (1.4)
Here, u is a retarded null coordinate and so u = constant defines an outgoing null hypersur-
face. The quantities Ψo1, Ψo2 and σo are leading order terms of Ψ1, Ψ2, σ, respectively, when
expanded in inverse powers of r away from null infinity I, where r is an affine parameter of
the outgoing null geodesics. Note that σo determines Ψo3 and Ψo4 (leading order terms of Ψ3
and Ψ4, respectively).
For our study with Λ ∈ R on the other hand, we shall not restrict ourselves to have
a minimal set of assumptions. Instead, we assume from the start that all quantities are
expressible as power series in inverse powers of r of sufficiently many orders away from I.
This avoids mathematical technicalities in deriving the fall-offs (which in our opinion, is
unnecessary with regards to getting the physical result, and moreover, it can be deduced
from admitting a smooth conformal compactifiability of the manifold). Here is our set of
assumptions:
1. The fall-offs for the spin coefficients [Eqs. (2.81)-(2.90)].
2. The fall-offs for the functions in the null tetrad [Eqs. (2.67)-(2.74)].
3. The Weyl spinor vanishes on I,
as well as the fact that Ψ0 = O(r−5). Incidentally, it was much later realised that one
does not need to assume Ψ0 = O(r−5) when Λ 6= 0, as this can be derived from the other
assumptions (see Appendix E). Our ansatz for deriving the asymptotic solutions to the NP
equations with Λ ∈ R are made by studying the Schwarzschild-de Sitter spacetime, and then
calculating through all the 38 NP equations to find that they are consistent (as far as the
relevant orders that we have carried this through), where these asymptotic solutions reduce
exactly to the ones for Λ = 0 as found in Ref. [62]. The peeling property of the Weyl
(and Maxwell) spinor(s) with Λ similarly follows from the same set of Bianchi identities
(Maxwell equations) as in the Λ = 0 case. For the extension to include Maxwell fields, we
correspondingly assume that the Maxwell spinor vanishes on I and φ0 = O(r−3) (but see
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Appendix E on how this fall-off for φ0 may not be required as an additional stipulation when
Λ 6= 0). The freely-specifiable physical functions with Λ 6= 0 are the same as the Λ = 0 setup.
Whilst our study and our ansatz are purely within the physical spacetime, they are all
consistent with the fall-offs that were worked out by Szabados and Tod [41]. By assuming
a smooth conformal compactifiability, they derived the fall-offs for the spin coefficients and
the metric. One can carry out the appropriate boost transformation and null rotation to
reconcile their null tetrad with ours here, to find that our set of assumptions agrees with
their results — including several gauge-fixing choices that lead to the vanishing of certain
terms.
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Chapter 2
Asymptotic solutions to the vacuum
Newman-Penrose equations with
Λ ∈ R
In this thesis, we adopt the approach by Newman-Unti [34] and solve the Newman-Penrose
equations [33] with non-zero Λ [73], asymptotically. This involves solving 38 equations com-
prising the metric equations, spin coefficient equations and the Bianchi identities. In contrast
to Newman and Penrose who made minimal assumptions on the differentiability criteria of
the relevant quantities when they did this for Λ = 0 [33], we shall assume that the null
tetrad, spin coefficients and the dyad components of the Weyl spinor all have series expan-
sions in inverse powers of r away from I of sufficiently many orders. Moreover, as we shall be
working with spherical coordinates, these calculations would also apply to anti-de Sitter-like
spacetimes for Λ < 0, and reduce to asymptotically flat spacetimes for Λ = 0.
We proceed in Section 2.1 to discuss the Schwarzschild-de Sitter spacetime in spherical
coordinates, working out the null tetrad, spin coefficients, and the Weyl spinor. This will serve
as a good exercise as well as illustrating what the general leading terms for the fall-offs will
probably look like. Then in the following section, we stipulate the fall-offs for asymptotically
de Sitter spacetimes. Perhaps unexpectedly (unless one studies the conformally rescaled
spacetime, for instance — see Ref. [41]), two spin coefficients, viz. σ′ and κ′ mandatorily
require non-zero terms of order O(1), otherwise the usual shear term σo which represents the
Bondi news would necessarily vanish1. Once these have been solved asymptotically (with
1We actually discovered this whilst in the process of solving the 38 Newman-Penrose equations, to find that
σo = 0 without those O(1) terms in σ′ or κ′. These two spin coefficients vanish for spherically symmetric
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details on solving these 38 equations order-by-order found in Appendix A), we present the
summary of our extensive calculations for the asymptotic behavior of vacuum spacetimes
with non-zero Λ in Section 2.3, with a proposed generalisation of the Bondi mass and the
resulting mass-loss formula in Section 2.4 by integrating the Bianchi identity involving D′Ψ2
over a compact 2-surface of constant u on I, i.e. Eq. (2.118). Section 2.5 discusses the
foliation of I by topological 2-spheres where we deduce the characters of null infinity I for
Λ > 0,Λ = 0,Λ < 0, and also look at the specialisation with axisymmetry. One can calculate
the Cotton tensor for I to find that it is generally non-zero unless σo = 0, i.e. I is non-
conformally flat when energy is carried away from the isolated source due to gravitational
radiation. After that, we point out how incoming radiation from elsewhere shows up in the
mass-loss formula with Λ. The discussion there includes electromagnetic radiation (even
though that analogous study is the subject of Chapter 3). In Section 2.7, we argue that
when Λ 6= 0, there is no Killing vector field on I, in general. Nevertheless, we suggest some
conserved quantities in the following section, by moving all the terms arising from the Bianchi
identities into the u-derivative. In particular, when this is applied to the mass-loss formula
in Eq. (2.153), the resulting conserved quantity may plausibly be regarded as an “ADM mass
with Λ”. We follow the notations and conventions of Newman and Penrose, which are in line
with Refs. [62, 68]. The constants c and G are set to 1.
2.1 Schwarzschild-de Sitter spacetime
The Schwarzschild-de Sitter spacetime can be expressed in spherical coordinates [69]:
ds2 = J(r)dt2 − 1
J(r)
dr2 − r2dΩ2, (2.1)
where J(r) = 1−Λr2/3−2M/r. The constantM is the mass, with Λ being the cosmological
constant (Λ > 0, Λ < 0, and Λ = 0 correspond to de Sitter, anti-de Sitter, and Minkowski
spacetimes, respectively, when M = 0). The metric for the unit 2-sphere is dΩ2 = dθ2 +
sin2 θdφ2. The coordinates take values −∞ < t <∞, 0 < θ < π, 0 < φ < 2π, and 0 < r <∞.
Note that for Λ > 0 andM = 0, the interval 0 < r <
√
3/Λ implies that r and t are spacelike
and timelike coordinates, respectively, whereas the interval r >
√
3/Λ implies that r and t
are timelike and spacelike coordinates, respectively. (For M 6= 0, there is another value of
r, viz. the event horizon of the black hole where the r and t coordinates would interchange
spacetimes since they have non-zero spin-weights, so the Schwarzschild-de Sitter spacetime gives no prior
warning — not what we would have hoped for in trying to guess the fall-offs.
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their causal characters.)
To carry out the asymptotic expansion for de Sitter-like spacetimes à la Newman-Unti
[34], it is desirable to express the de Sitter metric (when M = 0, though we shall for the
moment do it generally for the Schwarzschild-de Sitter metric) in the form
ds2 = guu(u, r)du
2 + 2dudr − r2dΩ2, (2.2)
where u is a retarded null coordinate (usually related to t and r via a relation of the form
“u = t− r”). Let r∗ =
∫
dr/J(r), dr∗ = dr/J(r), J(r)dr2∗ = dr2/J(r). Then,
ds2 = J(r)(dt2 − dr2∗)− r2dΩ2. (2.3)
Furthermore, let u = t− r∗, du = dt− dr∗, dt2 = dr2∗ + du2 + 2dudr∗, so
ds2 = J(r)du2 + 2J(r)dudr∗ − r2dΩ2 (2.4)





r2 − 1 + 2M
r
)
du2 + 2dudr − r2dΩ2. (2.6)
The inverse metric has components
gab =

0 1 0 0
1 Λ3 r
2 − 1 + 2Mr 0 0
0 0 − 1
r2
0




Let l̃ = du (l̃ denotes a one-form, ~l denotes a vector), so we can define a null tetrad
~l = ~∂r (2.8)

























with gab = lanb + nalb −mam̄b − m̄amb. The directional derivatives are
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In the Newman-Penrose formalism, the Christoffel symbols (connection coefficients) are re-
expressed in terms of twelve complex spin coefficients, defined as2 [68, 73]
κ = maDla (2.16)
κ′ = m̄aD′na (2.17)
σ = maδla (2.18)
σ′ = m̄aδ′na (2.19)
τ = maD′la (2.20)
τ ′ = m̄aDna (2.21)
ρ = maδ′la (2.22)

















The commutator equations acting on these spin coefficients are [68, 73]
[D′, D] = 2Re(γ)D − 2Re(γ′)D′ + (τ ′ − τ̄)δ + (τ̄ ′ − τ)δ′ (2.28)
[δ,D] = (τ̄ ′ + ᾱ− α′)D + κD′ + (2iIm(γ′)− ρ̄)δ − σδ′ (2.29)
[δ,D′] = κ̄′D + (τ + α′ − ᾱ)D′ − (2iIm(γ) + ρ′)δ − σ̄′δ′ (2.30)
[δ′, δ] = 2iIm(ρ′)D − 2iIm(ρ)D′ + (α+ ᾱ′)δ − (ᾱ+ α′)δ′. (2.31)
The spin coefficients can be obtained by applying these commutators to the four coordinate
functions u, r, θ, φ. The directional derivatives acting on the coordinate functions are
Du = 0, D′u = 1, δu = 0, δ′u = 0,
Dr = 1, D′r = Λ6 r
2 − 12 +
M
r , δr = 0, δ
′r = 0,
Dθ = 0, D′θ = 0, δθ = 1√
2r
, δ′θ = 1√
2r
,
Dφ = 0, D′φ = 0, δφ = i√
2r




2In the GHP formalism [74], the last four spin coefficients γ, γ′, α, α′ are perhaps more commonly replaced
by ε = −γ′, ε′ = −γ, β = −α′, β′ = −α.
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Dδθ = − 1√
2r2
(2.34)
Dδφ = − i√
2r2
csc θ (2.35)


























i csc θ (2.37)
δ′δφ = − i
2r2




csc θ cot θ. (2.39)
Applying the commutator equations to the coordinates u, r, θ, φ then gives
[D′, D]u : Re(γ′) = 0 (2.40)
[δ,D]u : κ = 0 (2.41)
[δ,D′]u : τ = ᾱ− α′ (2.42)
[δ′, δ]u : Im(ρ) = 0 (2.43)






[δ,D]r : τ̄ ′ = α′ − ᾱ (2.45)
[δ,D′]r : κ′ = 0 (2.46)
[δ′, δ]r : Im(ρ′) = 0 (2.47)
[D′, D]θ : Re(τ − τ̄ ′) = 0 (2.48)
[D′, D]φ : Im(τ − τ̄ ′) = 0 (2.49)
[δ,D]θ : ρ+ σ − 2iIm(γ′) = −1
r
(2.50)
[δ,D]φ : ρ− σ − 2iIm(γ′) = −1
r
(2.51)
















[δ′, δ]θ : Im(α′) = Im(α) (2.54)
[δ′, δ]φ : Re(α+ ᾱ′) = − 1√
2r
cot θ. (2.55)
Well, [δ,D]θ and [δ,D]φ imply that ρ = −1/r, σ = 0, Im(γ′) = 0, with [δ,D′]θ and [δ,D′]φ
giving that ρ′ = −Λr/6 + 1/2r −M/r2, σ′ = 0, Im(γ) = 0. Next, [D′, D]θ and [D′, D]φ
22 CHAPTER 2. ASYMPTOTIC SOLUTIONS WITH Λ ∈ R
imply that τ = τ̄ ′. Together with τ = ᾱ − α′ and τ̄ ′ = α′ − ᾱ, we get α′ = ᾱ so that τ = 0
and τ ′ = 0. From [δ′, δ]θ, this requires that Im(α) = 0 and Im(α′) = 0. Finally, [δ′, δ]φ leads
to α = α′ = − cot θ/2
√
2r.


















cot θ r−1. (2.59)
We remark that the mass appears in the order of r−2 in γ and ρ′.
The Einstein field equations relate part of the spacetime curvature (viz. the Einstein
tensor) to the stress-energy tensor. The remaining part of the (Riemann) curvature is con-
tained in the Weyl tensor. In the Newman-Penrose formalism, it is convenient to introduce
the Weyl spinor instead, with the dyad components (also referred to as the Weyl scalars)











where Cabcd is the Weyl tensor. For the Schwarzschild-de Sitter spacetime, the dyad compo-
nents Ψ0, Ψ1, Ψ3, Ψ4 are zero by inspection of the spin coefficient equations involving them.
(The list of spin coefficient equations is found in Appendix A.) For Ψ2, consider the spin
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2.2 Asymptotically de Sitter spacetimes
The generalisation to asymptotically de Sitter spacetimes is to have a null tetrad of the form:
~l = ~∂r (2.67)
~n = ~∂u + U~∂r +X
θ~∂θ +X
φ~∂φ (2.68)
~m = ω~∂r + ξ
θ~∂θ + ξ
φ~∂φ (2.69)












−1 +O(r−2), µ ∈ {θ, φ}. (2.74)
In writing this, we adopt the notation that a function f(u, r, θ, φ) can be expanded as a
series f(u, r, θ, φ) =
N∑
i
foi (u, θ, φ)r
−i in r for sufficiently large N , and the superscript o
means that the coefficients foi are independent of r. Note in our generalisation that U has
no term of order r, since the mass only appears in the order of r−1 for the Schwarzschild-de
Sitter spacetime3. Similar to the asymptotically flat case [33, 34], such a setup corresponds
to the spacetime geometry being foliated into a family of null hypersurfaces given by constant
values of the u-coordinate, satisfying gabu,au,b = 0. Each constant values of u and r would
define a compact 2-surface of genus zero, i.e. a topological 2-sphere. Recall from the previous
section that by having l̃ = du, we could define our null tetrad in Eqs. (2.8)-(2.11), where
we specified in particular, ~l = ~∂r. This null vector field ~l induces a congruence of null
geodesics tangent to these null hypersurfaces of constant u, as well as implying that the spin
coefficients κ and Re(γ′) are zero. Hence in writing ~l = ~∂r, we have tacitly employed an
affine parameter for such null geodesics as our coordinate r. (See sections IV and VI in Ref.
[33].) One is permitted to define r up to a linear transformation, and we will exploit this
freedom to simplify the spin coefficient ρ (see below) as was also done for the asymptotically
flat case [34]. The remaining two coordinates θ and φ here denote general coordinates (so
3By studying the conformally rescaled de Sitter-like spacetime, Szabados and Tod showed that one can
set the term of order r for U (denoted by Uo−1) to zero using a gauge freedom arising from (∇aΩ)(∇aΩ) =
Λ/3 +O(Ω2), where Ω is the conformal factor [41].
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they do not necessarily represent the usual spherical coordinates) that would serve as labels
for these null geodesics on each null hypersurface of constant u. Incidentally, whilst one may
choose a different family of null hypersurfaces arising from another u′ coordinate and obtain
a different null tetrad (specifically, l̃′ = d̃u′ would be different), the same results would be
produced since the physical outcome is independent of the frames and coordinates. (See
section IV of Ref. [34].)
Having determined ~l, the first of our null tetrad vectors, there is freedom due to null
rotation of the remaining three ~n, ~m, ~̄m around ~l as well as freedom associated with spatial
rotation of ~m, ~̄m. We utilise the former to impose that ~n, ~m, ~̄m are parallel transported
along ~l, leading to great simplifications since this geometric condition yields the vanishing of
the spin coefficients γ′ and τ ′ [33, 68]. The latter freedom will be applied to set Im(γo0) = 0
for the spin coefficient γ [41] (see below). Besides that, ~l = ~∇u being a gradient field implies
that ρ is real and τ = ᾱ− α′ [33, 62].
The inverse metric has components gab = lanb + nalb −mam̄b − m̄amb, i.e.
gab =

0 1 0 0
1 2(U − |ω|2) Xθ − 2Re(ξθω̄) Xφ − 2Re(ξφω̄)
0 Xθ − 2Re(ξθω̄) −2|ξθ|2 −2Re(ξθξφ)




0 1 0 0
1 Λ3 r
2 +O(1) O(r−1) O(r−1)
0 O(r−1) O(r−2) O(r−2)
0 O(r−1) O(r−2) O(r−2)
 . (2.76)
The directional derivatives are
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The spin coefficients for asymptotically de Sitter spacetimes would have the form:
κ = 0, γ′ = 0, τ ′ = 0, (2.81)










τ = τ o1 r
−1 +O(r−2) (2.85)
γ = γo−1r + γ
o
2r
−2 +O(r−3), γo−1 6= 0 (2.86)
ρ = ρo1r
−1 +O(r−2), ρo1 6= 0 (2.87)
ρ′ = ρ′o−1r + ρ
′o
1 r
−1 +O(r−2), ρ′o−1 6= 0 (2.88)
α = αo1r
−1 +O(r−2), αo1 6= 0 (2.89)
α′ = α′o1 r
−1 +O(r−2), α′o1 6= 0. (2.90)
The leading terms γo−1, ρo1, ρ′o−1, αo1, α′o1 are necessarily non-zero, due to the fact that these
appear in the de Sitter spacetime as worked out in the previous section. Note in our gener-
alisation that ρ′ has no term of order 1, since there is no such term for the Schwarzschild-de
Sitter spacetime4 and the mass only appears in the order of r−2. Similarly, γ has no terms
of orders 1 and r−1. We should point out however, that imposing Im(γo0) = 0 would fix
the spatial orientation of ~m and ~̄m [41]5. The origin of the affine parameter r is chosen so
that ρo2 = 0 [34]. We necessarily require that σo := σo2 6= 0, since this would then allow for
σΨ4 to contribute to Ψ̇2 (via the Bianchi identity involving D′Ψ2), where the dot denotes
derivative with respect to u. Observe that our specification of the asymptotic form of the
spin coefficients contains the extra terms κ′o0 and σ′o0 . The former would allow for ωo1 6= 0
when solving the metric equation involving D′ω, without which it would lead to σo = 0. If
the latter σ′o0 = 0, then the spin coefficient equation involving Dσ′ forces6 σo = 0.
4Such a ρ′ term of order 1 (denoted by ρ′o0 ) would be proportional to ρo2, due to the spin coefficient equation
involving Dρ′. As we will set ρo2 = 0 by the freedom in choosing the origin of the affine parameter r, this
would lead to the vanishing of ρ′o0 anyway.
5The real part of γo0 is proportional to Uo−1 via the metric equation involving DU . As we have set Uo−1 = 0,
this would give Re(γo0) = 0. Anyway, the spin coefficient equation for Dγ would force γo1 = 0. Thus, our
stipulation of the fall-offs here having Uo−1 = 0, ρ′o0 = 0, ρo2 = 0, γo0 = 0 and γo1 = 0 are all merely fixing gauge
freedoms (with γo1 = 0 being true as a consequence of the Newman-Penrose equations even without making
such choices) and hence do not restrict the physical generality of our solutions.
6The fall-offs for the spin coefficients here are consistent with those in Szabados-Tod [41]. Note however
that there, they applied a conformal rescaling which is symmetric with respect to the spin frame oA and ιA,
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Following the case for asymptotically flat spacetimes7, we take Ψ0 to have the fall-off of
order r−5, i.e. Ψ0 = (Ψ0)o5r−5 +O(r−6). We denote Ψo0 := (Ψ0)o5, Ψ10 := (Ψ0)o6, Ψo1 := (Ψ1)o4,
Ψo2 := (Ψ2)
o














where (ξθ)o := (ξθ)o1, (ξφ)o := (ξφ)o1 and thus define the ð and ð′ operators acting on a scalar
η with spin-weight s to be [68]:
ðη = (δo + 2sᾱo)η, ð′η = (δ′o − 2sαo)η, (2.92)
where αo := αo1.
With the setup in place, the 38 equations of the Newman-Penrose formalism compris-
ing the metric equations, spin coefficient equations and the Bianchi identities can be solved
asymptotically away from I. The details of these lengthy calculations are produced in Ap-
pendix A, where we list the sequence in which we solve them along with what each of these
equations implies for various orders of r−n. The resulting asymptotic solutions are sum-
marised in the next section, where we compile the null tetrad, spin coefficients, Weyl spinor,
as well as the Bianchi identities.
Incidentally, a Penrose diagram illustrating the geometrical setup for asymptotically de
Sitter spacetimes near the spacelike I is shown in Fig. 2.1 in Section 2.5 below8, where we
discuss the foliation of I by topological 2-spheres of constant u.
whereas ours here would correspond to an asymmetric choice. See section 5.6 of Penrose-Rindler for details
on conformal rescalings, in particular the four specific ways of distributing the conformal factor Ω to the spin
frame oA and ιA, in (5.6.26) [68]. On top of that, their ~m and ~̄m are related to ours via a null rotation as
theirs do not have a ~∂r component.
7It was much later realised that with a non-zero cosmological constant Λ, one need not make this additional
assumption. Similarly for the case that includes Maxwell fields in Chapter 3, a non-zero Λ does not require
the assumption that φ0 = O(r−3). The proof for how these peeling properties appear as consequences of
Λ 6= 0, with the fall-offs of other quantities being assumed, is found in Appendix E.
8We can construct Fig. 2.1 only after obtaining the asymptotic solutions, to find that Eqs. (2.122) dictate
that with Λ 6= 0 and σo 6= 0, those 2-surfaces of constant u on I are necessarily topological 2-spheres instead
of round 2-spheres.
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2.3 Summary of asymptotic solutions with Λ ∈ R
Asymptotically de Sitter spacetimes are described by the following null tetrad:
~l = ~∂r (2.93)
~n = ~∂u + U~∂r +X
θ~∂θ +X
φ~∂φ (2.94)
~m = ω~∂r + ξ
θ~∂θ + ξ
φ~∂φ (2.95)




































The components of the inverse metric are related to the null tetrad via gab = lanb + nalb −
mam̄b − m̄amb.
The spin coefficients are:
κ = 0, γ′ = 0, τ ′ = 0 (2.101)




























r−1 + (Ψo2 + σ
o ˙̄σo)r−2 +O(r−3) (2.104)
σ′ = −Λ
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α = αor−1 + ᾱoσ̄or−2 + αo|σo|2r−3 +O(r−4) (2.109)
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with the Bianchi identities:




























Also, these are equations involving the dyad components of the Weyl spinor:
Im(Ψo2 + σ
o ˙̄σo + ð2σ̄o) = 0 (2.119)
Ψo3 = −ð ˙̄σo −
Λ
6


































where Uo0 = −12K−
Λ
2 |σ
o|2, andK is the Gauss curvature of the compact 2-surface of constant
u on I.
Note that when Re(ð2σ̄o) 6= 0, Eq. (2.125) implies that the Gauss curvature9 of the 2-
surfaces on I for fixed values of u is not a constant but depends on u. The angular coordinates
9In Eq. (A.133), two times the real part of −ρρ′ + σσ′ − Ψ2 + Λ/6 has the interpretation of being the
Gauss curvature of the 2-surfaces of constant u on I. See (4.14.21) in Ref. [68].
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θ and φ would then not correspond to those spherical coordinate angles as used for the unit
sphere, but instead denote generalised coordinates intrinsic to these 2-surfaces. Furthermore,
the pair of equations for (ξ̇θ)o and (ξ̇φ)o in Eqs. (2.122) imply that when Λ 6= 0, a non-zero
σo necessarily requires (ξθ)o and (ξφ)o to have a u-dependence. A ramification of this is that
I has to be non-conformally flat if σo 6= 0, since it is no longer possible to make the usual
specifications (ξθ)o = 1/
√
2 and (ξφ)o = i csc θ/
√
2. This is in accordance to what has been
pointed out by Ashtekar et al. by studying the conformal versions of de Sitter-like spacetimes
[45].
In Section 2.5.2, we will illustrate this explicitly in the case of axisymmetry by solving
the pair of equations given by Eqs. (2.122), followed by Eqs. (2.123) for αo [which would
also satisfy Eq. (2.124)]. With these expressions, we can then validate the Gauss curvature
equation, given by Eq. (2.125), as well as showing that the Cotton tensor for the 3-manifold
I is not zero when σo 6= 0 — indicating non-conformal flatness. But before that, we shall
produce the highly sought after mass-loss formula with Λ > 0 in the next section, which is
the key result of this thesis and this current area of research in general relativity.
2.4 Mass-loss formula with Λ > 0
Just as in the asymptotically flat case, the mass-loss formula is produced from the Bianchi
identity Eq. (2.118) by integrating over a topological 2-sphere of constant u on I. In general,
such a topological 2-sphere would depend on u, but it turns out that its area element d2S
is independent of u. In fact for the axisymmetric case where the metric can be explicitly
solved from Eqs. (2.122) and is given in Eq. (2.174) below in Section 2.5.2, we see that the
area element is d2S = sin θdθdφ which is equivalent to that of a round unit 2-sphere. This
is obviously independent of u and its total area is 4π. Let us now show that this is true for
the general case.
2.4.1 Area element of the topological 2-spheres of constant u on I is in-
dependent of u
We give a proof that the area of the topological 2-spheres of constant u on I is the same as





d2A, in the limit where r →∞, (2.126)
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where10 d2A = −ima ∧ m̄b. In other words, d2A is the area element for the surfaces of
constant u and r. When expanded in inverse powers of r, its leading order term carries a
factor of r2, i.e. d2A = r2d2S + O(r). Division by r2 and taking r → ∞ would give the
required area element on I, which is d2S.
Let us now evaluate the u-derivative of this area element d2S. Consider ~Z = ~n − U~l =
~∂u + X
µ~∂µ. The u-derivative of d2S is equivalent to taking the Lie derivative of d2S along
~∂u. We shall explicitly show that the Lie derivative of d2S along ~Z is zero, and then argue
that the Lie derivative of d2S along Xµ~∂µ is also zero. This would conclude that d2S does
not depend on u and that its total area is A =
∮
d2S = 4π.
For the Lie derivative of d2S along ~Z, we can first calculate the Lie derivative of d2A
along ~Z, and then plug into Eq. (2.126)11. So start with
£~Z(d
2A) = −i£~Z(ma ∧ m̄b) (2.127)




= (nb − Ulb)∇bma +mb∇a(nb − Ulb) (2.130)
= D′ma − UDma +mb∇anb − Umb∇alb, (2.131)
using ∇a(fV b) = f∇aV b + V b∇af and mblb = 0. With D′ma = 2iIm(γ)ma and Dma =
−2iIm(γ′)ma [73],
£~Zma = 2iIm(γ)ma + 2iU Im(γ
′)ma +mb∇anb − Umb∇alb. (2.132)
Then,
(£~Zma)m̄
a = −2iIm(γ)− 2iU Im(γ′) +mbδ′nb − Umbδ′lb (2.133)
= −2iIm(γ)− 2iU Im(γ′) + ρ̄′ − Uρ, and (2.134)
(£~Zma)m
a = mbδn
b − Umbδlb (2.135)
= σ̄′ − Uσ, (2.136)
10The indices on the right-hand side are inserted to keep track of the one-forms ma and m̄b, especially in
the calculations that follow.
11The Lie derivative along ~Z only involves partial derivatives with respect to u and xµ, as can be seen from
the definition of ~Z, so r is a “constant”.
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i.e.
£~Zma = (2iIm(γ) + 2iU Im(γ
′)− ρ̄′ + Uρ)ma − (σ̄′ − Uσ)m̄a, (2.137)
where the spin coefficients ρ, ρ′, σ and σ′ are defined as mbδ′lb, m̄bδnb, mbδlb and m̄bδ′nb
respectively, with ~m, ~̄m satisfying the orthonormalisation mam̄a = −1, mama = m̄am̄a = 0
[73]. Similarly (or just taking the complex conjugate), we have
£~Zm̄a = −(σ
′ − Uσ̄)ma + (−2iIm(γ)− 2iU Im(γ′)− ρ′ + Uρ̄)m̄a. (2.138)
Hence,
£~Z(d
2A) = (−ρ̄′ + Uρ− ρ′ + Uρ̄)(−ima ∧ m̄b) (2.139)
= 2Re(Uρ− ρ′)d2A. (2.140)










Re(Uρ− ρ′)d2A, in the limit where r →∞ (2.142)
= 2Re(Uρ− ρ′)d2S, in the limit where r →∞. (2.143)
Explicit calculations using the asymptotic solutions from the previous section show that
2Re(Uρ− ρ′) = O(r−2), so:
£~Z(d
2S) = 0. (2.144)
For the Lie derivative of d2S along Xµ~∂µ, note that d2S has no r dependence. The
Lie derivative of d2S along Xµ~∂µ essentially unravels into taking derivatives of d2S with
respect to the two angles (or the two coordinates intrinsic to this 2-surface). The factor of





2S) = 0, (2.145)
i.e. the area element of the topological 2-sphere of constant u on I is independent of u, and
so the total area of such a topological 2-sphere is the same as that of the round unit 2-sphere,
which is 4π.
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2.4.2 A new mass MΛ for Λ > 0 with a correction term






the integration is over a compact 2-surface of constant u on I and A = 4π is the area.
The Bianchi identity in Eq. (2.118) gives the u-derivative of Ψo2 + σo ˙̄σo, so this is where the
mass-loss formula is obtained from. One can specify the compact 2-surfaces of constant u
on I as round 2-spheres, and the u-derivative commutes with the ð operator. Therefore,
one can add ð2σ̄o to Ψo2 + σo ˙̄σo without changing MB and this does not affect the resulting
mass-loss formula, since the integral of ð2σ̄o over a compact 2-surface gives zero. With this,
Eq. (2.119) says that the Bondi mass MB is a real quantity (i.e. having no imaginary part).
For Λ 6= 0 however, this is not obvious because the 2-surfaces of constant u on I has a
u-dependence (which affects the ð and ð′ operators), and we need to work this out. Using
the definitions of the ð and ð′ operators in Eq. (2.92), we find that:
∂uð2σ̄o = ∂u [(ξµ)o∂µ(ðσ̄o)− 2ᾱoðσ̄o] (2.146)














|ð′σo|2 + ð(∂u(ðσ̄o)). (2.149)
In the above, we went from the second to the third line by making use of the u-derivatives
of (ξµ)o and αo, given in Eqs. (2.122) and (2.124) respectively. (These follow from the
equations of the Newman-Penrose formalism, for D′ξµ and D′α.) This result would allow
us to interchange the order of taking the u-derivative of ð2σ̄o with the “left” ð to end up
with ð∂uðσ̄o plus terms that eliminate each other upon integration over a compact surface.
Since ð∂uðσ̄o itself would vanish when integrated, then the u-derivative of ð2σ̄o does not








|ð′σo|2 + ð(∂u(ðσ̄o)) =


























o ˙̄σo + ð2σ̄o)d2S being a real
quantity for any Λ ∈ R, by virtue of Eq. (2.119). Integrating this over a topological 2-sphere
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where the terms comprising ðΨo3, ð′Ψo1 vanish upon integration over the compact 2-surface
which has no boundary, and integration by parts is applied to σoð′ðσ̄o.
A generalisation to asymptotically de Sitter spacetimes would plausibly contain correc-
tions due to the cosmological constant Λ, similar to how Chruściel and Ifsits introduced a
“renormalised volume term” into their mass with Λ ∈ R [42]. All terms on the right-hand
side of this equation have a definite sign, except for K|σo|2 and Re(σ̄oΨo0). If we define a
new mass MΛ that includes the former:








































1. When Λ = 0, the null tetrad, spin coefficients, Weyl spinor, Bianchi identities, mass-loss
formula, all reduce exactly to the known case of asymptotically flat spacetimes13.
2. In the absence of incoming radiation for Λ > 0, i.e. asymptotically de Sitter space-
times, positivity of the mass loss of MΛ is manifest14. This is perhaps the simplest
generalisation of the Bondi mass such that the mass loss of MΛ is strictly positive.
3. This entire mathematics also applies for Λ < 0, i.e. asymptotically anti-de Sitter
spacetimes. However, positivity of the mass loss is not guaranteed since the term with
12Eq. (2.153) is concerned with taking the closed integral over a compact 2-surface of constant u on I. In
order to eradicate its presence entirely from the mass-loss formula, this necessitates Ψo0(u, θ, φ) = 0 for all
values of u, θ, φ on I where r → ∞. But since Ψo0(u, θ, φ) does not depend on r, this implies that it is zero
for all values of r, i.e. it is zero everywhere. See also the Section 2.6 and Fig. 2.2 there.
13See Penrose-Rindler [62] for the asymptotically flat vacuum solutions, though they also included the
Maxwell source there and they used complex stereographic angles for the 2-spheres. Note the typoes there:
a missing bar on α0 for α for order r−2, a missing factor of 1/2 on σ′ for order r−2 as well as a missing 0 on
˙̄σ for σ′ for order r−3, and their α0 should be ζ̄/2
√
2. There is also a misprint on ξ3.
14For clarity, the negative sign on the right-hand side of Eq. (2.154) implies that the mass MΛ decreases
as u approaches the source’s timelike infinity i+. So, we say that “the mass loss is positive” to mean that the
mass MΛ experiences a decrease.
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Λ is of the opposite sign. Nevertheless, one may consider defining the generalised mass
to include the u-integral of that term, and obtain a strictly positive mass-loss formula.
4. As pointed out near the end of Section 2.3 below Eqs. (2.122)-(2.125), a conformally
flat I (i.e. the vanishing of its Cotton tensor) when Λ 6= 0 implies that σo = 0. So
gravitational waves may only carry energy away from the source with a non-conformally
flat I.
5. When Λ 6= 0, the mass loss can be non-zero even if σo does not depend on u. In fact,
σ̇o only contributes to the mass loss in the single term not involving Λ. This may also
be seen in the dyad component of the Weyl spinor Ψo4 in Eq. (2.121), where ¨̄σo appears
in the single term not involving Λ, with σo itself contributing due to the non-zero Λ.
2.4.3 The mass MB for Λ > 0 with no correction term
The proposal of the mass MΛ for Λ > 0 in Eq. (2.152) was made to guarantee a positive-
definite mass-loss formula, i.e. gravitational waves must carry away a non-negative energy
from the isolated source15. It would be useful to relate that correction term with the volume
term appearing in the work of Chruściel and Ifsits [42].
However, the nature of an integral over u (in an expression describing the mass of an
isolated system at some particular moment u = u0) implies that one would allegedly require
information of the system not just at that moment, but also of its past history from say
u = 0, upon where that integral is carried out from — unless one is able to express that
volume integral entirely in terms of local expressions at u = u0. The presence of such
a volume integral would be perceived as a significant departure from the asymptotically
flat case. Unfortunately, one faces formidable (but hopefully not irreconcilable) difficulty
in attempting to pin down an exact notion of the Bondi mass when Λ 6= 0, because this
Λ destroys the asymptotic symmetries which formed the concrete basis for a Hamiltonian
treatment of the Bondi mass when Λ = 0 (see Section 2.7 below). A ramification of this is
the ambiguity in definitively defining the Bondi mass, as demonstrated by the undesirable
freedom for moving terms around in Eq. (2.153) to be absorbed into the definition of MΛ, or
even adding conceivably arbitrary terms on both sides.
Intriguingly, we can express the non-manifestly positive-definite term involving the Gauss
curvature in the mass-loss formula Eq. (2.151) in terms of ð′σo and ðσo, using an identity
15A need for corrections to the mass MΛ is particularly compelling for the Λ < 0 case, where the term
involving Λ|ð′σo|2 in Eq. (2.154) is negative-definite.
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for the commutator of the ð and ð′ operators [68, 75]. With this, we see that if σo (which is
a spin-weighted quantity with spin-weight s = 2 [68, 73]) only has l = 2 components (which
represent the quadrupole terms in a multipole expansion of the compact isolated source),
then the mass-loss for MB in the Λ > 0 case is manifestly positive-definite, viz. quadrupole
gravitational waves carry away positive-definite energy. Several inequalities are given, which
would guarantee this manifestly positive-definite property for a general σo, in a universe with
Λ > 0.
An identity for K|σo|2
Let η(u, θ, φ) be a spin-weighted quantity with spin-weight s = (p− q)/2 [i.e. of type (p, q)],
defined on I (so η is independent of r). We can derive an identity for the Gauss curvature K
of the topological 2-sphere of constant u on I using the commutator of the ð and ð′ operators
[68, 75], as follows:
|ðη|2 − |ð′η|2 = ðηð′η̄ − ð′ηðη̄ (2.155)
= ð′(η̄ðη)− ð(η̄ð′η) + η̄[ð,ð′]η (2.156)
= ð′(η̄ðη)− ð(η̄ð′η) + p
(












where we have used
[ð, ð′] = −2iIm(ρ′)þ + 2iIm(ρ)þ′ + p
(











[which is (4.14.1) from Ref. [68]] in the last line with the term −2iIm(ρ′)þ being zero because
þ is a partial derivative with respect to r but η is independent of r (note: þ = D = ∂/∂r
since γ′ = 0), and the term 2iIm(ρ)þ′ being zero because ρ is real. Since the left-hand side
is manifestly real, then the right-hand side must also be real:
|ðη|2 − |ð′η|2 = Re(ð′(η̄ðη)− ð(η̄ð′η)) + 2sRe
(





= Re(ð′(η̄ðη)− ð(η̄ð′η))− sK|η|2, (2.160)
where 2s = p− q and −K = 2Re(ρρ′−σσ′+ Ψ2−Φ11−Λ/6). Integrating over a topological
2-sphere of constant u on I (which has no boundary, so the terms with an overall ð or ð′
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With this, we can replace the term involving the Gauss curvature in the mass-loss formula





































We see that for Λ > 0, we have a negative-definite term |ðσo|2, which is fine as long as
the overall expression on the right-hand side results in a mass-loss of MB such that the
gravitational waves given off by an isolated system carries away a positive-definite energy.
Recall that the shear σo is a spin-weighted quantity with spin-weight s = 2, and ðσo has
spin-weight s = 3 since ð raises the spin-weight by one [68, 73]. When one studies a compact
system in linearised theory, one can carry out a multipole expansion. (See for instance, Ref.
[23] for a standard textbook treatment in the Λ = 0 setup. For recent developments on
the quadrupole formula with Λ > 0, see Refs. [47, 50, 76].) Spin-weighted quantities may
be decomposed into spin-weighted spherical harmonics [75, 77]. For a quantity with spin-
weight s, it is expressible as a linear combination of these spin-weighted spherical harmonics,
characterised by the non-negative integers l with l ≥ |s|, and integers −l ≤ m ≤ l. Hence





sYlm(θ, φ), where s = 2. If the ð and ð′ operators
are defined on a round unit 2-sphere, then these sYlm are the known standard spin-weighted
spherical harmonics. But as we know when there is a non-zero cosmological constant Λ 6= 0,
these sYlm correspond to those ð and ð′ operators defined on the topological 2-sphere of
constant u on I [the definitions were given in Eq. (2.92)]. We are not attempting here to
work out these sYlm on the topological 2-sphere of constant u on I, as that deserves its own
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formal treatment in an exclusive study. Moreover, so far we only have the explicit metric for
the axisymmetric case [see Eq. (2.174) in Section 2.5.2 below], but not the general one.
Instead, we note that in a multipole expansion of the compact source approximation,
the quadrupole term corresponds to those where l = 2, and the higher multipole terms are
those with l > 2. For purely quadrupole gravitational waves, σo would have only components
with l = 2. Since ðσo has spin-weight s = 3, then ðσo = 0 because it can only have those














which is manifestly positive-definite with an overall negative sign for a universe with a posi-
tive cosmological constant, signifying that these purely quadrupole gravitational waves carry
positive energy away from the isolated source. This is in agreement with the linearised theory
with Λ > 0, as reported by Ashtekar, et al. [47].
With higher multipole terms however, there would necessarily be negative contributions
to the expression for the energy carried away by the radiation [due to the −|ðσo|2 term in
Eq. (2.164)]. Of course, what we need for a general σo based on physical grounds would be










d2S ≥ 0, (2.166)
where equality here must only be the case with σo = 0. Alternatively, to ensure that the term
involving the Gauss curvature K itself is manifestly positive-definite, then from Eq. (2.162),
one can impose that:
|ð′σo| ≥ |ðσo| (2.167)
everywhere or only when integrated over d2S. Another consideration would be to combine
with the other |ð′σo|2 term in the mass-loss formula Eq. (2.151) (which coincidentally carries
the same factor of Λ/3 as that of the term with the Gauss curvature) to have this inequality:
√
3|ð′σo| ≥ |ðσo| (2.168)
everywhere or only when integrated over d2S. These provide some bounds for which the
l > 2 components of σo would need to satisfy, to guarantee the positive-definiteness of the
energy carried away by the outgoing gravitational waves.
The manifestly positive-definite result however, is false for a universe with Λ < 0. For
instance, if Λ is sufficiently small such that the Λ2 term is negligible compared to the Λ
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term and that σo does not vary very strongly with u such that |σ̇o|2 is ignorable compared
to Λ|ð′σo|2/2, then we see from Eq. (2.165) that the energy carried away by quadrupole
gravitational waves in an anti-de Sitter-type universe is manifestly negative-definite. In such
a scenerio, perhaps one has to resort to moving that Λ|ð′σo|2/2 term to be absorbed into a
new mass MΛ, for Λ < 0, which suggests that we do indeed need to consider correction terms
to the Bondi mass when Λ 6= 0.
2.5 Foliation of I by topological 2-spheres
For asymptotically flat spacetimes, one can choose the leading order terms (ξµ)o in Eqs. (2.74)
[see the definitions of (ξµ)o below Eqs. (2.91)] such that they correspond to a round unit 2-
sphere [34]. With a cosmological constant however, this cannot be assumed in general [41].
If such a choice is insisted, that would lead to a conformally flat I with the repercussion that
gravitational waves do not carry energy away from the isolated source [45]. In the Newman-
Penrose formalism, this is reflected by the pair of metric equations involving D′ξµ, which
yield Eqs. (2.122).
Null infinity I can be thought of as being foliated by these 2-surfaces of constant u (see
also the setup of I with Λ > 0 in section 4.2 of Ref. [41] that describes this using the
conformal approach). Here, Eqs. (2.122) imply that whilst one may pick one such 2-surface
on I to be a round sphere for some u = u0, a different u would generally have a topological
2-sphere when Λ 6= 0 and σo 6= 0. Furthermore, the Gauss curvature for this topological
2-sphere is given by Eq. (2.125), obtained from the NP equation involving the derivatives of
α and α′ intrinsic to those 2-surfaces [68]. If we have σo = 0, then I is conformally flat —
its Cotton tensor is zero. With the right-hand side of Eqs. (2.122) being 0 (due to σo = 0),
then the choice of (ξo)µ being a round sphere at some u = u0 would remain even as u varies.
Also, we see that the Gauss curvature is just 1. The Penrose diagram in Fig. 2.1 illustrates
the geometrical setup for a general asymptotically de Sitter spacetime.
17For the Schwarzschild-de Sitter spacetime in these spherical coordinates [69], it is easy to see that the
black hole is located at the origin where r = 0. Whilst timelike infinity i+ is well-defined for Λ = 0, the
presence of Λ makes this origin-dependent. This origin-dependence also results in the concept of the “radiation
field” being not very well-defined [62]. Nevertheless, within the context of studying an isolated system, we
do have a natural choice for the origin r = 0.
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Figure 2.1: Penrose diagram for an isolated system with Λ > 0, near future null infinity I.
The vertical dotted line is r = 0, representing the timelike worldline of the compact isolated
system. The isolated system is situated at (or in a neighbourhood of) r = 0, with timelike
infinity i+ and a cosmological horizon17. Each value of u = constant defines an outgoing
null hypersurface whose apex lies on the vertical dotted line. Their intersections with the
spacelike hypersurface null infinity I are compact 2-surfaces, thereby providing a foliation
of I by these compact 2-surfaces of constant u. When σo 6= 0, these compact 2-surfaces of
constant u on I are necessarily topological 2-spheres. The Newman-Unti null tetrad vectors
~l and ~n are outgoing and incoming null vectors, respectively. The remaining ~m and ~̄m span
those compact 2-surfaces. The coordinate r is also an affine parameter for the null geodesics
which generate those null hypersurfaces of constant u.
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2.5.1 Characters of null infinity I for Λ ∈ R
The full general (3 + 1)-d spacetime would have the line element
ds2 = −Λ
3
r2du2 − r2(ds2)2 +O(r), (2.169)
where (ds2)2 is the line element for the topological 2-sphere constructed from (ξµ)o, i.e.
ğ2 = ~m⊗ ~̄m+ ~̄m⊗ ~m, with ~m = (ξθ)o~∂θ + (ξφ)o~∂φ. Here, ğ2 is the contravariant version of
the line element (ds2)2. The term O(r) represents the collection of terms which are of higher
order than r2, i.e. r−2 times those terms represented by O(r) would go to zero as r → ∞.
We may define a conformally rescaled spacetime ds̃2 := C2ds2, where C = r−1 is a conformal
factor that gives a finite limit at r →∞. Therefore,
ds̃2 = −Λ
3
du2 − (ds2)2 +O(r−1), (2.170)
and in the limit where r →∞, this gives the metric for null infinity18 I
ds̃ = −Λ
3
du2 − (ds2)2. (2.171)
We see that the nature of the hypersurface I depends on the cosmological constant: it is a
spacelike hypersurface for Λ > 0, a timelike hypersurface for Λ < 0, and degenerates into a
null hypersurface for Λ = 0. This is an equivalent way of stating Penrose’s conclusions of the
characters of I, where he obtained an expression for the squared length of the vector normal
to I and found it to be proportional to Λ [40]. Here, we have a complementary point of view
from the metric for I itself (instead of the vector normal to I) involving the cosmological
constant which directly determines its characters.
Note that whilst outgoing gravitational radiation would alter the structure of I (as man-
ifested by a non-zero σo), Maxwell/electromagnetic radiation on the other hand has no effect
on I, as discussed in Chapter 3 below.
2.5.2 Axisymmetry
We now consider the pair of equations in Eqs. (2.122) for the 2-surfaces of constant u on
I. In general, gravitational waves have two polarisations or radiative modes [46] which
are here encoded into the real and imaginary parts of σo. Collecting real and imaginary
18Recall that the hypersurfaces u = constant are outgoing null cones, with r being an affine parameter of
the null geodesics generating these null cones. So r →∞ would reach infinity along a null light ray, which is
null infinity — since by definition, null infinity is the hypersurface where light rays would eventually end up
after infinite physical time.
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parts of Eqs. (2.122) would give a set of coupled differential equations for (ξθ)o and another
corresponding set for (ξφ)o. It does not appear however, that these sets of coupled differential
equations may be analytically solved for (ξθ)o and (ξφ)o in terms of some general real and
imaginary parts of σo.
Nevertheless, it is known from the case of axisymmetry [43] where the metric components
are explicitly independent of φ, that the emitted gravitational waves only possess a single
radiative mode [48]. We shall hence proceed here by setting say Im(σo) = 0, as well as
imposing φ-independence to solve the pair of equations Eqs. (2.122) for an axisymmetric








ieΛf(u,θ) csc θ, (2.173)
where 3f(u, θ) =
∫
σo(u, θ)du. With this, the line element for the 2-surface of constant u on
I is
(ds2)2,axi = e
2Λf(u,θ)dθ2 + e−2Λf(u,θ) sin2 θdφ2. (2.174)












One can verify that Eq. (2.124) is automatically satisfied for this αo. The Gauss curvature





where E = e2Λf(u,θ) and G = e−2Λf(u,θ) sin2 θ, to get K = 4Re(δoαo) − 8|αo|2. Taking the
u-derivative of 2Re(δoαo)−4|αo|2, one finds that it is equal to Λð2σ̄o/3, hence corroborating
with the Gauss curvature equation of Eq. (A.133)19 [68]. Explicitly, the expression for the















When σo = 0, then (ξθ)o = 1/
√
2, (ξφ)o = i csc θ/
√
2, αo = − cot θ/2
√
2, and K = 1, i.e.
Eq. (2.174) is a round unit 2-sphere.
19Note that Θ appearing in Eq. (A.133) does not depend on u as it appears as an arbitary function of
integration with respect to u from Eq. (A.106). In doing these calculations, although σo here is real, one
should remember that what appears is σ̄o, i.e. a quantity with spin-weight −2, and apply the definitions of ð
and ð′ appropriately. Keeping track of whether a real function is actually referring to its complex conjugate
for spin-weighted quantities is thus vital, in order to correctly relate to the ð and ð′ operators.
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Furthermore, one can then obtain the line element of the axisymmetric conformally




du2 − e2Λf(u,θ)dθ2 − e−2Λf(u,θ) sin2 θdφ2. (2.177)
Notice that the surfaces of constant u on I are not round 2-spheres, unless Λ = 0 (i.e.
spacetime is asymptotically flat), or f = 0 (so σo = 0). The Cotton tensor for Eq. (2.177)
may be calculated and it generally does not vanish unless f is constant, i.e. σo = 0. It is
thus non-conformally flat when outgoing radiation depletes the energy of the isolated source.
The axisymmetric metric for I given by Eq. (2.177) incidentally, was also found by He and
Cao [43] who studied this problem of gravitational radiation with a cosmological constant
by employing Bondi et al.’s original approach [25] in enunciating an axisymmetric metric
ansatz. To account for the cosmological constant, they introduced a new leading term in
the function γ (which when prescribed for some u, allows for other unknowns to be solved
systematically via the Einstein field equations). This new leading term in their ansatz would
also lead to a non-conformally flat I, i.e. Eq. (2.177).
We may investigate how a non-zero Λ would affect the usual physics of asymptotically flat
spacetimes, by considering this axisymmetric situation. Direct calculations using the explicit
































With this and the Gauss curvature for this axisymmetric topological 2-sphere in Eq. (2.176),
we note the presence of a factor involving e−2Λf in the generalised massMΛ in Eq. (2.152) and
the generalised mass-loss formula in Eq. (2.178). A Taylor expansion of the exponential factor
gives terms made up of all positive integer powers of Λ as corrections due to the cosmological
constant, and Λ→ 0 reduces to the usual asymptotically flat Bondi mass MB and mass-loss
formula in Eq. (1.1).
2.6 Incoming radiation
The generalised mass-loss formula with Λ in Eq. (2.153) contains an unusual term having
Ψo0 coupled via a Λ2 factor (so the overall sign is the same regardless of the sign of Λ 6= 0).
This term may be interpreted as incoming gravitational radiation (which is radiation along
the direction of ~n), just as Ψo4(σo) is interpreted as outgoing gravitational radiation (which
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Figure 2.2: Penrose diagrams for an isolated electro-gravitating system emitting grav-
itational and/or electromagnetic radiation Ψo4, φo2 in an asymptotically flat (top left)
and asymptotically de Sitter (top right) spacetimes. The isolated system emits gravita-
tional/electromagnetic radiation between A and B, and the radiation would eventually hit
I over the shaded region. If incoming radiation Ψo0, φo0 from elsewhere is present (bottom
figures), then those waves beyond the cosmological horizon of the isolated system for the
case with Λ > 0 would also hit the spacelike I and get picked up by the mass-loss formula in
Eq. (3.83). [Note that for the incoming gravitational radiation, this shows up in the mass-loss
formula via the term involving Λ2Re(σ̄oΨo0)/18, i.e. it would not show up if σo = 0.]
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is radiation along the direction of ~l)20. The presence of Λ > 0 (corresponding to describing
our Universe which expands at an accelerated rate) implies that I is now spacelike, instead
of null when Λ = 0. Hence, if there is incoming radiation from elsewhere, then those beyond
the isolated system’s cosmological horizon (which cannot influence it) would reach I and get
picked up by the mass-loss formula in Eq. (2.153) (see Fig. 2.2). This is perspicuous for
the case of electromagnetism in Eq. (3.84): |φo2|2 strictly decreases MΛ whilst |φo0|2 strictly
increases MΛ (see Chapter 3 below). This is however, rather strange for the gravitational
version in Eq. (2.153). In particular, if the isolated system does not emit gravitational
radiation or σo = 0, then the incoming gravitational radiation from elsewhere would not
register with the mass-loss formula. In fact, only the real part of σ̄oΨo0 is recognised and even
so, the sign is not quite definite.
Ashtekar et al. [46] who dealt with the linearised gravitational theory and Maxwell fields
with Λ > 0 (then subsequently went on to work out the quadrupole formula in Ref. [47]),
found that it is possible for the energy of both gravitational and electromagnetic waves emit-
ted by the isolated system to be arbitrarily negative. They nevertheless explained that this
observation corresponds to the timelike Killing field (within the isolated system’s cosmologi-
cal horizon) becoming spacelike and past directed outside the isolated system’s cosmological
horizon. For an isolated electro-gravitating system without any incoming radiation from
elsewhere, these non-positive-definite contributions are zero so the energy carried away from
the system due to the emitted radiation is necessarily positive-definite.
The condition for no incoming radiation corresponds to setting Ψo0(u, θ, φ) [φo0(u, θ, φ) for
Maxwell] to zero. One of the Bianchi identities involving D′Ψ0 gives a relationship for Ψ̇o0 at
order r−5 (where all factors of r−5 cancel out), viz. Eq. (2.116): Ψ̇o0 = ðΨo1 +3σoΨo2 +ΛΨ10/6.
This means that one is only allowed to specify Ψo0 on some initial hypersurface u = u0. In
the asymptotically flat case where Λ = 0, setting Ψo0 = 0 would hence introduce a constraint
between ðΨo1 and 3σoΨo2. Remarkably, a non-zero Λ introduces a new free function, namely
Ψ10(u, θ, φ) which is the next order term of Ψ0 (when expanded in inverse powers of r). This
however, does introduce a constraint on Ψ10 which would otherwise be completely freely-
specifiable. So the no-incoming-radiation condition in the Λ 6= 0 case would restrict the
solution space of Ψ0 such that Ψo0 = 0 and Ψ10 is constrained. The analogous situation holds
for φo0 and the Maxwell equation involving D′φ0 (see the next chapter).
20The outgoing gravitational radiation Ψo4(σo) is a function of σo. In addition, Ψo4 itself also contains a
term Λ2Ψ̄o0/36 [see Eq. (2.121)].
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To summarise, we see that “no incoming radiation” means that Ψ0 (or φ0) has to have a
faster fall-off of O(r−6) [or O(r−4)] instead of O(r−5) [or O(r−3)], such that the radiation is
sufficiently negligible beyond the isolated system’s cosmological horizon and would not carry
information all the way to the spacelike I. Incidentally, the mass-loss formula for an isolated
electro-gravitating system (taking the presence of electromagnetic radiation into account, as















so the energy carried away by the outgoing radiation is manifestly positive-definite — which
is the basis for the definition of MΛ in Eq. (2.152).
2.7 Asymptotic symmetries
2.7.1 Asymptotically flat spacetimes
In the original work by Bondi et al. for asymptotically flat spacetimes, they studied the per-
missible coordinate transformations that leave their axisymmetric metric ansatz unchanged
[25]. Sachs later treated the general case without axisymmetry [26]. This set of transforma-
tions is commonly referred to as the Bondi-Metzner-Sachs (BMS) group [78], which is larger
than the Poincaré group and contains an Abelian normal subgroup with a factor group be-
ing isomorphic to the homogeneous orthochronous Lorentz group [32, 75] (see also section
2.5 of Ref. [79] for a quick summary). Most crucially, a uniquely defined four-dimensional
normal subgroup of the BMS group may be obtained, representing the four rigid spacetime
translations — thereby providing the basis for a Hamiltonian formalism and the laws for
energy-momentum conservation.
As a quick refresher, the BMS group comprises transformations where the two angular
coordinates θ, φ (which serve as labels for the null generators of the outgoing null hypersur-
faces u = constant) undergo a conformal transformation with K(θ, φ) being the conformal
factor, and u transforms as u′ = K(θ, φ)−1(u+α(θ, φ)). The function α(θ, φ) is arbitrary, and
if expanded using the spherical harmonics basis, then the l = 0, 1 terms would correspond
to the Poincaré translations. If the coordinates θ and φ are left unchanged (i.e. no Lorentz
rotation occurs), this subgroup of transformations is termed supertranslations. If in addition
only l = 0, 1 terms are present [so α(θ, φ) does not have any spherical harmonic components
where l ≥ 2], then we have the subgroup of translations having four parameters (one from
l = 0, three from l = 1).
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2.7.2 Asymptotically de Sitter spacetimes
Although the Bondi et al.’s approach has been carried out to include a cosmological constant
by He and Cao [43], that effort appeared to have only demonstrated that a non-conformally
flat I would indeed allow for gravitational waves to carry energy away from the source —
culminating in the axisymmetric metric for I [i.e. Eq. (2.177)], and an expression for Ψ4
having O(r−1) terms involving the usual Bondi news — indicating the presence of outgoing
gravitational waves. This work was after Ashtekar et al. studied the conformal structure of
asymptotically de Sitter spacetimes and found that the so-called “usual” condition of I being
conformally flat would necessarily imply that gravitational waves do not carry energy away
from I [45], and so was perhaps intended to show that the physics of gravitational waves
with a cosmological constant is “meaningful” after all, when I is not forced to be conformally
flat.
Now, a full treatment à la Bondi et al. should in principle be able to extend the results
to include a cosmological constant, just like how we have adopted the Newman-Penrose-Unti
approach with Λ ∈ R in this thesis. More specifically, the mass-loss formula in Eq. (2.153)
may well have been produced, if the Bondi approach in Ref. [43] went further to work out
the supplementary conditions. Moreover, one could also study the permissible coordinate
transformations that preserve the form of the asymptotically de Sitter metric. Following
that approach, one may expect to find that if I is conformally flat (i.e. with σo = 0),
then the asymptotic symmetry group is just the ten-dimensional de Sitter group [45]. In
the general case where I is non-conformally flat (i.e. with σo 6= 0), there would be a set of
coupled PDEs which would determine the allowed transformations.
Alternatively, since we have the NP equations that determine the metric for I (see Section
2.5), we could try to solve the Killing equations for the Killing vectors on I. For simplicity,
we could consider the axisymmetric case given by Eq. (2.177). This would lead to a set of
PDEs, which unfortunately, we are unable to analytically solve or say anything about the
(non-)existence of non-trivial solutions. Nevertheless, we could look at the axisymmetric
topological 2-sphere of constant u on I given by Eq. (2.174), and work with the Killing
equations for this 2-surface. We show in Appendix B that the only Killing vector on this
axisymmetric topological 2-sphere is the one associated with axisymmetry21. Therefore, it
is plausible to expect no Killing vector for the general topological 2-sphere, and furthermore
21This is unless σo satisfies Eq. (B.12), which is highly unlikely apart from the trivial σo = 0. Even if there
is such a non-trivial σo, it would be in a very specialised form — making it arguably unphysical.
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no Killing vector for the general non-conformally flat I in Eq. (2.171). This is problematic,
as one will not be able to then define conserved quantities that rely on the existence of
asymptotic Killing vectors, when an isolated system radiates gravitational waves.
2.8 ADM mass, conserved quantities
We have argued in the previous section that with a cosmological constant, there is no asymp-
totic symmetry when an isolated system radiates gravitational waves, i.e. when σo 6= 0. This
has the repercussion that any construction of the energy based on asymptotic symmetries




where M(u) is the mass of the isolated system and P (u) is the radiation power. If a u





i.e. the mass loss of the isolated system over the time interval from ui to uf equals the total




where Q is a constant with respect to u, corresponding to the total mass at some initial time
u0. In other words, we have:
Q := M +
∫
Pdu (2.183)
defining a conserved quantity Q, which remains absolutely conserved as time u proceeds
(since it is equal to the initial mass at time u = u0).
Hence from the mass-loss formula in Eq. (2.153), one may integrate the right-hand side
with respect to u, and bring it together with the massMΛ on the left, within the u-derivative,
to define a conserved quantity. In fact, the Bianchi identity for D′Ψ0 (see Appendix A for
the list of equations) gives one such relation of the type given by Eq. (2.180) for each order
of r. There is also one such relationship from the Bianchi identity for D′Ψ1, other than
Eq. (2.118) that arises from the Bianchi identity for D′Ψ2. Similar remarks apply to the
Maxwell equations (see Chapter 3 and Appendix D for the relevant Maxwell equations where
such conserved quantities may be constructed from).
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In the asymptotically flat case, we have the mass-loss formula given by Eq. (1.1). Whilst
there is a definition of the ADM mass for Λ = 0 [28, 29, 30, 31] — corresponding to taking a
limit towards spatial infinity i0 instead of null infinity I —, we are not aware of any existing
work that derives it using the NP formalism since this setup involves null hypersurfaces
which naturally go towards I instead of i0. We conjecture that the conserved quantity Q
obtained from Eq. (1.1) based on Eq. (2.183), would perhaps correspond to the ADM mass
for asymptotically flat spacetimes. It would be nice to rigorously show this, or to disprove
such a proposition. If this turned out to be plausible, then one may regard the corresponding
conserved quantity Q obtained from Eq. (2.153) to be a “generalised ADM mass that includes
Λ”.
Incidentally, there are 10 conserved quantities for gravitational theory, also known as the
10 NP constants [70, 71, 72]. These are similarly obtained from the Bianchi identities, but are
based on the properties of spin-weighted spherical harmonics (of some particular combination
of s and l) where they vanish when an ð or ð′ operator acts on them. Such a construction
of the 10 NP constants also have a geometrical meaning based on the conformal structure
[71]. For the case with Λ 6= 0 however, since the 2-surfaces of constant u on I are not round
spheres, a corresponding description of spin-weighted spherical harmonics on a topological
2-sphere would be needed. Furthermore, it is unclear if an analogous conformal structure
with Λ 6= 0 also exists.
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
Extensions to couple with Maxwell fields in a similar way should be straightforward,
and will be presented in the next chapter. With these electro-Λ asymptotic solutions, one
can generalise some known results for asymptotically flat spacetimes (like say those in Refs.
[80, 81]) to include a cosmological constant. Also, whilst we have assumed that the quantities
may be expanded as a series with sufficiently many orders away from I, one may follow
Newman-Penrose’s original study [33] to make minimal assumptions on the differentiability
criteria, and sedulously work out the detailed consequences.
Chapter 3
Asymptotic solutions to the
Newman-Penrose-Maxwell equations
with Λ ∈ R
The purpose of this chapter is to present the results for the asymptotic solutions to the
Einstein-de Sitter equations coupled with the Maxwell fields. The setup and derivation are
essentially following those already developed extensively in the previous chapter for the Λ-
vacuum case. Here, there are four additional Maxwell equations, with the spin coefficient
equations and the Bianchi identities now coupled to the Maxwell fields φa, via the Ricci
spinor Φab = kφaφ̄b, where k = 2G/c4 (see appendix in Ref. [33]). The assumption on
the fall-off for Ψ0 = O(r−5) leads to the peeling property in spacetimes with a cosmological
constant1. Similarly, the dyad component of the Maxwell spinor φ0 is taken to fall off as
O(r−3), which will give a corresponding peeling property for the Maxwell spinor2.
Apart from this Newman-Unti (NU) null tetrad, we also give the results using a “Szabados-
1The cosmological constant is well, a constant. In the Newman-Penrose formalism, the peeling property
can be shown by assuming Ψ0 = O(r−5) and using the Bianchi identities. This was worked out for the
asymptotically flat case in Ref. [33]. What appears in the Bianchi identities involving the Ricci scalar (which
is proportional to the cosmological constant) are only its derivatives, not the Ricci scalar itself — which are
all zero since it is a constant. Thus, one still arrives at the peeling property with a cosmological constant
present, as it has no effect on the Bianchi identities (see Chapter 2). A different proof involving the use of
spinors for the peeling property of (weakly) asymptotically simple spacetimes (which include asymptotically
de Sitter spacetimes) may be found in Section 9.7 of Ref. [62].
2But see Appendix E where we show how these peeling properties would follow from a non-zero Λ without
having to assume Ψ0 = O(r−5) and φ0 = O(r−3).
49
50 CHAPTER 3. ELECTRO-Λ
Tod” (ST) type null tetrad [41]. More specifically, let ~l → r~l, ~n → ~n/r, but we retain the
same ~m, ~̄m to complete the ST tetrad of null vectors3. The latter is defined based on a
conformal rescaling which is symmetric with respect to the spin frame oA and ιA, as they
do not distinguish between the outgoing ~l and incoming ~n null vectors when discussing the
conformally rescaled spacetime with spacelike I. In the ST null tetrad, the dyad components
of the Weyl and Maxwell spinors do not exhibit the peeling property. Instead, by assuming
Ψ0 = O(r
−3) and φ0 = O(r−2), we then find that Ψi = O(r−3), i = 1, 2, 3, 4 and φj =
O(r−2), j = 1, 24. This should not be surprising, since a rescaling of the null vectors ~l and
~n (whilst preserving their orthonormalisation properties) actually corresponds to a boost
transformation which affects the fall-offs of various quantities (see Appendix C). The ST null
tetrad is just one such boost transformation of the NU null tetrad. We would like to point
out that in the NU null tetrad, the spin coefficients ρ′ and γ have leading terms of order O(r)
(see summary in Section 3.1.1) which blow up as r →∞. This is nevertheless, a ramification
of spacetime being asymptotically de Sitter, where in these spherical coordinates we have the
inverse metric component grr = Λr2/3 + O(1), in contrast to just O(1) when Λ = 0. (Even
empty de Sitter spacetime itself has ρ′ = −Λr/6 + r−1/2 and γ = −Λr/6 as discussed in
Section 2.1 on the Schwarzschild-de Sitter spacetime in spherical coordinates.) Alternatively,
we see that in the ST null tetrad, ρ′ and γ are both of order O(1), giving a finite limit at
r →∞. The summary of the asymptotic solutions for the Einstein-Maxwell-de Sitter theory,
in both the NU and ST null tetrads are found in Section 3.15.
This summary should prove to be highly useful, as many results for the asymptotically
flat case based on these solutions may be extended to include Λ. For instance, one may
study the memory effect following Ref. [80]. A derivation of the Bondi mass-loss formula by
Frauendiener using an integral formula that arose from the Nester-Witten identity essentially
applies these asymptotic solutions with Λ = 0 [1]. A recent paper by Newman brought up an
enigma in asymptotically flat spacetimes [81], where he makes use of the Einstein-Maxwell
asymptotic solutions and found perplexing relationships mimicking classical Newtonian and
3The ~m, ~̄m in Ref. [41] do not have a ~∂r component.
4In Ref. [62], the proof of the peeling property requires that ~l is related to an affine parameter r: la∇ar = 1
[see their Eq. (9.7.3)]. The NU null tetrad vector ~l = ~∂r satisfies this, but the ST null tetrad vector ~l = r~∂r
does not. For the latter, r is not an affine parameter, which is reflected by the non-zero γ′ = −1/2 (see
summary in Section 3.1.2).
5We derived these asymptotic solutions for both NU and ST null tetrads independently, i.e. working
through all 42 Newman-Penrose-Maxwell equations separately on different occasions. Then, we verified that
one could be obtained from the other by the appropriate boost transformation, as expected.
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Maxwell theories. Such motions and radiation however, do not occur in physical spacetime
— instead, they live on an associated complex four-dimensional manifold. It is certainly
intriguing to subsequently investigate what the cosmological constant has to say, as our uni-
verse is described by a small but non-zero Λ > 0. As an application of these newly derived
asymptotic solutions to the Einstein-Maxwell-de Sitter theory, we discuss the situation con-
cerning an isolated electro-gravitating system in Section 3.2 based on the Bianchi identity
involving the u-derivative of Ψ2 [Eq. (3.28)].
The notations and conventions used here follow those in Chapter 2, which are in accor-
dance to Refs. [62, 68]. One may refer to these references for the definitions of the spin
coefficients, Weyl spinor, Ricci spinor, etc., or see Appendix D6. These extend the preceding
work which solved for the behaviour of asymptotically empty de Sitter spacetimes, where the
asymptotic solutions here reduce to those in Chapter 2 in the absence of the Maxwell fields.
Also, the asymptotic solutions presented here reduce to those of the Einstein-Maxwell equa-
tions presented in Ref. [62], for Λ = 0. Those interested in the full details for the derivation
of these asymptotic solutions by solving the 42 Newman-Penrose-Maxwell equations (in the
same manner as was done for empty spacetimes in Appendix A) may refer to Appendix D.
Alternatively, one can directly check by plugging them into all 42 Newman-Penrose-Maxwell
equations, to verify that they are all satisfied (up to the relevant orders).
3.1 Summary of asymptotic solutions with Λ ∈ R and Maxwell
fields
3.1.1 Newman-Unti null tetrad
Asymptotically electro-Λ spacetimes may be described by the following NU null tetrad [34]:
~l = ~∂r (3.1)
~n = ~∂u + U~∂r +X
θ~∂θ +X
φ~∂φ (3.2)
~m = ω~∂r + ξ
θ~∂θ + ξ
φ~∂φ (3.3)
~̄m = ω̄~∂r + ξθ~∂θ + ξφ~∂φ, (3.4)
6Concerning previous research employing the asymptotic solutions to the Einstein-Maxwell theory with
Λ = 0 based on Ref. [62], our results here with Λ may be directly applied since we follow those conventions.
Furthermore, setting Λ = 0 reduces exactly to those in Ref. [62].








































0 1 0 0
1 2(U − |ω|2) Xθ − 2Re(ξθω̄) Xφ − 2Re(ξφω̄)
0 Xθ − 2Re(ξθω̄) −2|ξθ|2 −2Re(ξθξφ)




0 1 0 0
1 Λ3 r
2 −2Re((ξθ)oðσ̄o)r−2 −2Re((ξφ)oðσ̄o)r−2
0 −2Re((ξθ)oðσ̄o)r−2 −2|(ξθ)o|2r−2 −2Re((ξθ)o(ξφ)o)r−2




0 0 0 0
0 O(1) O(r−3) O(r−3)
0 O(r−3) O(r−3) O(r−3)
0 O(r−3) O(r−3) O(r−3)
 . (3.10)
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The spin coefficients are:
κ = 0, γ′ = 0, τ ′ = 0 (3.11)































r−1 + (Ψo2 + σ
o ˙̄σo)r−2 +O(r−3) (3.14)
σ′ = −Λ
6

































α = αor−1 + ᾱoσ̄or−2 + αo|σo|2r−3 +O(r−4) (3.19)



































































with the Bianchi identities:
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Also, these are equations involving the dyad components of the Weyl spinor:
Im(Ψo2 + σ
o ˙̄σo + ð2σ̄o) = 0 (3.29)






σoð′σ̄o + ð′Uo0 (3.30)





























where Uo0 = −12K−
Λ
2 |σ
o|2, andK is the Gauss curvature of the compact 2-surface of constant
u on I.






























The ð and ð′ operators acting on a scalar η with spin-weight s are defined as [68]:
ðη := (δo + 2sᾱo)η, ð′ := (δ′o − 2sαo)η, (3.41)
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3.1.2 Szabados-Tod null tetrad
Asymptotically electro-Λ spacetimes may be described by the following ST null tetrad [41]:




~∂u + U~∂r +X
θ~∂θ +X
φ~∂φ (3.43)
~m = ω~∂r + ξ
θ~∂θ + ξ
φ~∂φ (3.44)








































0 1 0 0
1 2(rU − |ω|2) rXθ − 2Re(ξθω̄) rXφ − 2Re(ξφω̄)
0 rXθ − 2Re(ξθω̄) −2|ξθ|2 −2Re(ξθξφ)
0 rXφ − 2Re(ξφω̄) −2Re(ξθξφ) −2|ξφ|2
 (3.50)
= Eq. (3.10). (3.51)
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The spin coefficients are:
κ = 0, τ ′ = 0, γ′ = −1
2
(3.52)































r−2 + (Ψo2 + σ
o ˙̄σo)r−3 +O(r−4) (3.55)
σ′ = −Λ
6












































































































































with the Bianchi identities:
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Also, these are equations involving the dyad components of the Weyl spinor:
Im(Ψo2 + σ
o ˙̄σo + ð2σ̄o) = 0 (3.70)






σoð′σ̄o + ð′Uo1 (3.71)





























where Uo1 = −12K−
Λ
2 |σ
o|2, andK is the Gauss curvature of the compact 2-surface of constant
u on I.






























The ð and ð′ operators acting on a scalar η with spin-weight s are defined as [68]:
ðη := (δo + 2sᾱo)η, ð′ := (δ′o − 2sαo)η, (3.82)













Note that identical leading-order relations in Eqs. (3.28) and (3.69) are obtained (amongst
several other pairs of equations — one from each null tetrad), as these are independent of
r, despite differing fall-offs of various quantities in these different null tetrads. This should
be expected, of course, since physics is independent of the choice of null tetrads used to
describe it. More significantly, the matching of the leading-order relations Eqs. (3.28) and
(3.69) echoes Bondi et al.’s original work [25], viz. the resulting mass-loss formula is an
exact result (instead of being some approximation), although this considers an asymptotic
expansion over large distances from the source.
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3.2 Mass-loss formula with Λ > 0 and Maxwell fields






integration is over a compact 2-surface of constant u on I and A is the area. A generalisation
to asymptotically de Sitter spacetimes was proposed in the previous chapter in Eq. (2.152)
which ensures that this mass MΛ strictly decreases whenever σo is non-zero in the absence
of incoming gravitational radiation, i.e. the mass of an isolated gravitating system strictly
decreases due to energy carried away by gravitational waves. From the Bianchi identity


































where MΛ = MB. So, outgoing electromagnetic (EM) radiation φo2 causes the mass of the
isolated system to decrease, with incoming EM radiation φo0 giving rise to an increase in
mass7. Unlike the gravitational counterpart, there is no unusual Maxwell coupling with the
cosmological constant other than kΛ2|φo0|2/36. In particular, the presence of Maxwell fields
does not alter the structure of I. Note that for gravitation, outgoing gravitational radiation
can only carry energy away from the isolated source if the spacelike I is non-conformally
flat [45]. Such differing properties are perhaps manifestations of the linear Maxwell fields
versus the non-linear Einstein fields. The only EM coupling to the cosmological constant is
due to I being spacelike for Λ > 0, such that incoming EM radiation φo0 beyond the isolated
system’s cosmological horizon would arrive at I and get picked up by the mass-loss formula.
No incoming EM radiation corresponds to setting φo0 = 0. The Maxwell equation Eq. (3.39)
does not constrain ðφo1 and σoφo2, since there is a term involving Λφ10/6 which now plays the
role of φ̇o0 (had φ
o
0 not been set to zero). This is analogous to “no-incoming-gravitational-
radiation” being Ψo0 = 0, as was discussed in Section 2.6 above.
Incidentally, the Maxwell equation involving D′φ1 gives rise to one relation [Eq. (3.40)]
7For gravitation, Ψo4 represents outgoing (transverse) radiation whilst Ψo0 represents incoming (transverse)
radiation. The Coulomb term is Ψo2 [82]. For electromagnetism, φo2 represents outgoing radiation, whilst φo0
represents incoming radiation. The Coulomb term is φo1.
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Integrating this over a compact 2-surface of constant u on I implies total charge conservation,
i.e. the term proportional to
∮
φo1d
2S does not depend on u, since the divergence terms on
the right-hand side vanish.
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Chapter 4
Conclusion
We have seen how work has progressed over recent years to include a cosmological constant
in describing the energy carried by gravitational waves. The structure of null infinity I is
affected when an isolated system radiates gravitational waves, though it is left unaltered by
the emission of electromagnetic radiation. The study to include Λ > 0 in this thesis has
inadvertently also contributed to a description for the Λ < 0 case, where the isolated system
determines the structure of the timelike I such that one cannot impose conformal flatness on
I in order to admit a Bondi news. All the mathematical results, expressed in this “spherical
coordinate-like Eddington-Finkelstein-type” coordinate system, hold for any Λ ∈ R, which
carry over and readily apply to the anti-de Sitter background.
There are however, unresolved issues which certainly require further research. In particu-
lar, the mass proposals in this thesis as well as by Chruściel and Ifsits [42] do not yet have a
solid and indisputable physical backing. In fact, one can play around by adding/subtracting
terms as one wishes on both sides of the equation, in both these proposals. A highly trou-
bling feature that prevents a definitive statement for the expression of the mass with Λ has
been uncovered and illustrated explicitly in this thesis (see Section 2.7 above), viz. the lack
of asymptotic symmetries. Without these asymptotic Killing fields, one would be unable
to formulate a Hamiltonian framework that depends on such asymptotic symmetries in the
exact theory for gravitation. On top of that, this muddles the notion of the Bondi momen-
tum and the Bondi mass being its time component. Perhaps one way to go about this is to
write down the spherical harmonics on the topological 2-sphere of constant u on I and define
the Bondi momentum using those l = 0, 1 components in analogy with the asymptotically
flat case. Nevertheless, we do have a reasonably satisfactory result in this thesis that purely
quadrupole gravitational waves strictly decrease the usual definition of the Bondi mass (with
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no Λ-correction) for a universe with Λ > 0, viz. Eq. (2.165) in Section 2.4.3.
Whilst the linearised theory is able to produce some results using the covariant phase
space formalism [46, 47], so far they are only based on a de Sitter background with the
associated Killing fields. Therefore, a worthy consideration to justify or improve the mass
proposals from the exact theory would be to carry out a linearised expansion over a non-
conformally flat I, viz. Eq. (2.171) [or Eq. (2.177) for the axisymmetric case]. For instance,
by employing the Bondi-Sachs framework as was done by Bishop [49], one may calculate the
energy carried away by gravitational waves from the linearised theory with a non-conformally
flat I, and hopefully would provide a concrete link with the exact result presented here, i.e.
Eq. (2.151) above.
Besides that, future work should aim to reconcile the different approaches taken in this
thesis, by Szabados and Tod [41], by Chruściel and Ifsits [42], as well as by He and Cao
[43]. The easiest (but non-crucial) task would be using the supplementary conditions to get
the mass-loss formula in the Bondi-He-Cao approach and confirm that it is equivalent to
Eq. (2.118) above. Next, it would be fruitful to understand how exactly the Chruściel-Ifsits
approach leads to a balance formula for the mass, instead of a mass-loss formula, as well
as to relate their renormalised volume term with a similar looking term appearing in this
thesis’s proposal for the mass in Eq. (2.152). Lastly, it would be beneficial to gain an intuitive
description of the results by Szabados and Tod arising from their use of twistor techniques
especially in relating to physical results, for example the energy carried by gravitational
waves.
Since we live in physical spacetime, one could argue that the treatment of gravitational
waves could be described purely in terms of the physical spacetime. Ergo, it would be de-
sirable to eventually make clear-cut physical connections, regardless of the approach being
undertaken. On top of that, the new conditions on null infinity reported by Xie and Zhang
[51] serve as a timely example of a physical spacetime that does not admit a smooth confor-
mal compactification, such that one could possibly conceive some physical spacetimes with
different compactification properties.
Appendix A
Details on solving the 38 vacuum
Newman-Penrose equations with
Λ ∈ R
The metric equations are
[δ,D]r : (9) Dω = ρω + σω̄ + α′ − ᾱ (A.1)
[D′, D]r : (14) DU = 2Re(τ̄ω − γ) (A.2)
[δ,D]θ : (16) Dξθ = ρξθ + σξθ (A.3)
[δ,D]φ : (17) Dξφ = ρξφ + σξφ (A.4)
[D′, D]θ : (18) DXθ = 2Re(τ̄ ξθ) (A.5)
[D′, D]φ : (19) DXφ = 2Re(τ̄ ξφ) (A.6)
[δ,D′]r : (20) D′ω − δU = (ρ′ + 2iIm(γ))ω + σ̄′ω̄ − κ̄′ (A.7)
[δ′, δ]r : (21) Im(δ′ω) = Im(ρ′ + (α+ ᾱ′)ω) (A.8)
[δ,D′]θ : (26) D′ξθ − δXθ = (ρ′ + 2iIm(γ))ξθ + σ̄′ξθ (A.9)
[δ,D′]φ : (27) D′ξφ − δXφ = (ρ′ + 2iIm(γ))ξφ + σ̄′ξφ (A.10)
[δ′, δ]θ : (32) Im(δ′ξθ) = Im((α+ ᾱ′)ξθ) (A.11)
[δ′, δ]φ : (33) Im(δ′ξφ) = Im((α+ ᾱ′)ξφ). (A.12)
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The spin coefficient equations are
(1) Dσ′ = σ′ρ+ ρ′σ̄ (A.13)
(2) Dρ = ρ2 + σσ̄ (A.14)
(3) Dσ = 2ρσ + Ψ0 (A.15)




(10) Dα = αρ− α′σ̄ (A.17)
(11) Dα′ = α′ρ− ασ −Ψ1 (A.18)
(12) Dτ = τρ+ τ̄σ + Ψ1 (τ = ᾱ− α′) (A.19)




(15) Dκ′ = τσ′ + τ̄ ρ′ −Ψ3 (A.21)
(22) D′σ − δτ = ρσ̄′ + σ(ρ′ + 2γ + 2iIm(γ)) + 2α′τ (A.22)




(24) D′ρ′ − δκ′ = σ′σ̄′ + ρ′(ρ′ − 2Re(γ))− 2α′κ′ (A.24)
(25) D′σ′ − δ′κ′ = σ′(2Re(ρ′)− 2γ − 2iIm(γ)) + 2ακ′ + Ψ4 (A.25)
(28) D′α− δ′γ = α(ρ̄′ − 2iIm(γ)) + (ᾱ− 2α′)σ′ − ρκ′ −Ψ3 (A.26)
(29) D′α′ + δγ = α′(ρ′ + 2iIm(γ))− ασ̄′ + σκ′ − τρ′ (A.27)
(30) δρ− δ′σ = (ᾱ− α′)ρ− (3α+ ᾱ′)σ −Ψ1 (A.28)
(31) δ′ρ′ − δσ′ = (ᾱ′ − α)ρ′ − (3α′ + ᾱ)σ′ −Ψ3 (A.29)




The Bianchi identities are
(4) DΨ1 − δ′Ψ0 = 4ρΨ1 − 4αΨ0 (A.31)
(5) DΨ2 − δ′Ψ1 = 3ρΨ2 − 2αΨ1 + σ′Ψ0 (A.32)
(6) DΨ3 − δ′Ψ2 = 2ρΨ3 + 2σ′Ψ1 (A.33)
(7) DΨ4 − δ′Ψ3 = ρΨ4 + 2αΨ3 + 3σ′Ψ2 (A.34)
(35) D′Ψ0 − δΨ1 = (4γ + ρ′)Ψ0 − 2(2τ − α′)Ψ1 + 3σΨ2 (A.35)
(36) D′Ψ1 − δΨ2 = −κ′Ψ0 + 2(γ + ρ′)Ψ1 − 3τΨ2 + 2σΨ3 (A.36)
(37) D′Ψ2 − δΨ3 = −2κ′Ψ1 + 3ρ′Ψ2 − 2(τ + α′)Ψ3 + σΨ4 (A.37)
(38) D′Ψ3 − δΨ4 = −3κ′Ψ2 − 2(γ − 2ρ′)Ψ3 − (τ + 4α′)Ψ4. (A.38)
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The metric equations, spin coefficient equations, and the Bianchi identities are solved for
various orders beginning from the lowest non-trivial power of r, in the following sequence
as indicated by the number in front of the equation. Listed below are the results when
solving them order-by-order. We begin by solving the radial equations having the D = ∂/∂r
derivative. Well, “0 = 0” means that there is no information or no new information at this
order, i.e. the equation is identically satisfied at this order.
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(1) Dσ′ = σ′ρ+ ρ′σ̄.
1 : σo1 = 0 (A.39)




So σ′o0 = −
Λ
6




(2) Dρ = ρ2 + σσ̄.


































(4) DΨ1 − δ′Ψ0 = 4ρΨ1 − 4αΨ0.
r−2 : (Ψ1)
o
1 = 0 (A.47)
r−3 : (Ψ1)
o
2 = 0 (A.48)
r−4 : (Ψ1)
o
3 = 0 (A.49)




5 = −ð′Ψo0. (A.51)
(5) DΨ2 − δ′Ψ1 = 3ρΨ2 − 2αΨ1 + σ′Ψ0.
r−2 : (Ψ2)
o
1 = 0 (A.52)
r−3 : (Ψ2)
o
2 = 0 (A.53)




4 = −ð′Ψo1 − σ′o0 Ψo0. (A.55)
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(6) DΨ3 − δ′Ψ2 = 2ρΨ3 + 2σ′Ψ1.
r−2 : (Ψ3)
o
1 = 0 (A.56)




3 = −ð′Ψo2 − 2σ′o0 Ψo1. (A.58)
(7) DΨ4 − δ′Ψ3 = ρΨ4 + 2αΨ3 + 3σ′Ψ2.




2 = −ð′Ψo3 − 3σ′o0 Ψo2. (A.60)
Ergo, asymptotically de Sitter spacetimes have the peeling property, arising from the fall-off
of Ψ0 being O(r−5), such that
Ψn = O(r
n−5), (A.61)
where n = 0, 1, 2, 3, 4.








r−1 : 0 = 0 (A.63)
r−2 : 0 = 0 (A.64)
r−3 : ρ′o2 = Ψ
o
2 − σoσ′o1 (A.65)
















o − (Ψ2)o4). (A.66)
(9) Dω = ρω + σω̄ + α′ − ᾱ.
r−1 : α′o1 = ᾱ
o
1 (A.67)
r−2 : α′o2 = ᾱ
o
2 (A.68)
r−3 : ωo2 = ᾱ
o
3 − α′o3 − σoω̄o1 = −
1
2
Ψo1 − σoω̄o1, from (10) and (11). (A.69)
(10) Dα = αρ− α′σ̄.
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(12) τ = ᾱ− α′.
r−1 : τ o1 = 0 (A.73)
r−2 : τ o2 = 0 (A.74)












r−1 : 0 = 0 (A.77)
r−2 : 0 = 0 (A.78)




(14) DU = 2Re(τ̄ω − γ).
r : 0 = 0 (A.80)
1 : 0 = 0 (A.81)
r−1 : 0 = 0 (A.82)
r−2 : Uo1 = 2Re(γ
o
2) = −Re(Ψo2) (A.83)
r−3 : Uo2 = Re(γ
o
3). (A.84)
(15) Dκ′ = τσ′ + τ̄ ρ′ −Ψ3.






r−3 : 2κ′o2 = (Ψ3)
o
3 − σ′o0 τ o3 − τ̄ o4ρ′o−1. (A.86)
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(16) Dξθ = ρξθ + σξθ.



































(18) DXθ = 2Re(τ̄ ξθ).


























This concludes solving all 19 radial equations involving the D = ∂/∂r derivative. Next,
we deal with the other 19 equations.
(20) D′ω − δU = (ρ′ + 2iIm(γ))ω + σ̄′ω̄ − κ̄′.




r−1 : κ′o1 = − ˙̄ωo1 −
Λ
4




Incidentally, (15) and (20) imply that
Ψo3 = − ˙̄ωo1 −
Λ
6
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(21) Im(δ′ω) = Im(ρ′ + (α+ ᾱ′)ω).
r−1 : Im(ρ′o1 ) = 0 (A.97)
r−2 : Im(ρ′o2 ) = Im(ð′ωo1). (A.98)
(22) D′σ − δτ = ρσ̄′ + σ(ρ′ + 2γ + 2iIm(γ)) + 2α′τ .
















σ′o1 = − ˙̄σo






















in accordance to (8) as well.
(A.102)
(24) D′ρ′ − δκ′ = σ′σ̄′ + ρ′(ρ′ − 2Re(γ))− 2α′κ′.
r2 : 0 = 0 (A.103)
r : 0 = 0 (A.104)
1 : 0 = 0 (A.105)
































(25) D′σ′ − δ′κ′ = σ′(2Re(ρ′)− 2γ − 2iIm(γ)) + 2ακ′ + Ψ4.
r : 0 = 0 (A.110)
1 : 0 = 0 (A.111)






























(26) D′ξθ − δXθ = (ρ′ + 2iIm(γ))ξθ + σ̄′ξθ.








(ξ̇θ)o = −Λ3 σ
o(ξθ)o













(28) D′α− δ′γ = α(ρ̄′ − 2iIm(γ)) + (ᾱ− 2α′)σ′ − ρκ′ −Ψ3.








α̇o = Λ3 ᾱ










(30) δρ− δ′σ = (ᾱ− α′)ρ− (3α+ ᾱ′)σ −Ψ1.
r−3 : ωo1 = ð′σo (A.121)
r−4 : 0 = 0. (A.122)
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(31) δ′ρ′ − δσ′ = (ᾱ′ − α)ρ′ − (3α′ + ᾱ)σ′ −Ψ3.
r−1 : 0 = 0 (A.123)
r−2 : Ψo3 = −ð ˙̄σo −
Λ
6





[∂u, ð]σ̄o = ∂u((ξθ)o∂θσ̄o + (ξφ)o∂φσ̄o − 4ᾱoσ̄o)− ð ˙̄σo (A.125)
= (ξ̇θ)o∂θσ̄
o + (ξ̇φ)o∂φσ̄





















as expected from (15) and (20) in Eq. (A.96).
(32) Im(δ′ξθ) = Im((α+ ᾱ′)ξθ).










1 : 0 = 0 (A.131)
r−1 : 0 = 0 (A.132)




(35) D′Ψ0 − δΨ1 = (4γ + ρ′)Ψ0 − 2(2τ − α′)Ψ1 + 3σΨ2.
r−4 : 0 = 0 (A.134)




(36) D′Ψ1 − δΨ2 = −κ′Ψ0 + 2(γ + ρ′)Ψ1 − 3τΨ2 + 2σΨ3.
r−3 : 0 = 0 (A.136)





(37) D′Ψ2 − δΨ3 = −2κ′Ψ1 + 3ρ′Ψ2 − 2(τ + α′)Ψ3 + σΨ4.
r−2 : 0 = 0 (A.138)






















(38) D′Ψ3 − δΨ4 = −3κ′Ψ2 − 2(γ − 2ρ′)Ψ3 − (τ + 4α′)Ψ4.
r−1 : 0 = 0 (A.140)






σ̄oΨo1, giving 0 = 0. (A.141)
In showing that the above is identically satisfied, we need the following four commutators:




[∂u, ð] ˙̄σo = −
Λ
3

















The derivation of the first three of these commutators is similar to that for [∂u, ð]σ̄o, as was
done in (31) [Eqs. (A.125)-(A.128)]. The derivation of the [ð,ð′]ðσ̄o commutator involves
(32) and (33), viz. Eq. (A.130)1. Note that all these commutators [including the one used in
(31)] are zero when Λ = 0, except [ð,ð′]ðσ̄o = 2Θðσ̄o.
In the case of de Sitter spacetime where σo = 0, we have Uo0 = −1/2. Hence from
Eq. (A.109), we take Θ = 1/2.
1This is consistent with (4.14.1) in Penrose-Rindler [68] for [ð, ð′]ðσ̄o, where ðσ̄o is a quantity with p = −2
and q = 0. The term involving Im(ρ′)þ is zero because γ′ = 0 gives þ = ∂/∂r, but ðσ̄o is independent of r.
The term involving Im(ρ)þ′ is zero because ρ is real.
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Appendix B
The only Killing vector of an
axisymmetric topological 2-sphere
Consider the axisymmetric topological 2-sphere, given by Eq. (2.174) (where u is a constant):
g = e2Λf(θ)dθ2 + e−2Λf(θ) sin2 θdφ2. (B.1)
Here, we have the spin coefficient α being1:










Let ~X = Xθ~∂θ +Xφ~∂φ be a Killing vector. Then, the Killing equations are
(L ~Xg)ab = X
c∂cgab + gcb∂aX
c + gca∂bX
c = 0, (B.3)











+Xθ cot θ − Λ∂f
∂θ







e−4Λf sin2 θ = 0. (B.6)





where A(φ) is an arbitrary function of φ.
1The use of the spin coefficient α is meant as a shorthand for the expression on the right-hand side. It is
not necessary to use α if one prefers to write out those terms explicitly in what follows.
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The term involving Λ in the second of these equations can be eliminated using the first












Substituting Xθ from Eq. (B.7) in terms of A(φ) into Eq. (B.8), and integrating with respect
to φ would lead to
Xφ(θ, φ) = 2
√
2α(θ)A(φ)−X(θ), (B.9)
where X(θ) is an arbitrary function of θ, and we have used α(θ) from Eq. (B.2).






















sin2 θ. The homogeneous part of this differential equation (i.e.
the left-hand side) is the harmonic oscillator with frequency ω(θ), i.e. the complementary
function A(φ) is a linear combination of sin (ω(θ)φ) and cos (ω(θ)φ). But since A(φ) cannot
depend on θ, this solution to the homogeneous part requires A(φ) to be identically zero.
The inhomogeneous term on the right-hand side is a “constant” with respect to the variable
φ, giving the particular integral A(φ) = A where A is a constant. However, A(φ) being
a constant implies that Xθ = 0 from Eq. (B.7) and consequently the Killing equations
Eqs. (B.5) and (B.6) dictate that Xφ = X, where X is a constant.
Therefore, we have just one single Killing vector on this axisymmetric topological 2-sphere
~X = ~∂φ, (B.11)
which is associated with the axisymmetry. In other words, the asymptotic shear σo destroys
the asymptotic symmetry of these 2-surfaces when there is a non-zero cosmological constant






sin2 θ = constant, (B.12)
where we recall that α(θ) is given by Eq. (B.2). Whilst there are indeed non-trivial solutions
to Eq. (B.12), these all seem to have singularities in the relevant θ interval. Consequently
f = 0 (or f = constant), i.e. σo = 0 is probably the most general regular, and therefore
physically acceptable, solution. Moreover, such a specialised form of σo(θ) (if a regular
non-trivial solution exists) may not be physically general.
Appendix C
Boost transformation
Here is a list of transformations under ~l-~n rescaling (boost transformation). Consider a new
null tetrad under the transformation la → f(r)la, na → 1
f(r)




where f(r) is a well-behaved function of r. The vectors ~m and ~̄m are unchanged.
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The spin-coefficients are:
κ = maDla = m
alb∇bla → ma(f(r)lb)∇b(f(r)la) = f(r)2κ (C.1)

















σ = maδla → maδ(f(r)la) = f(r)σ (C.3)

















∇b(f(r)la) = τ (C.5)







= τ ′ (C.6)
ρ = maδ′la → maδ′(f(r)la) = f(r)ρ (C.7)






























































































































The dyad components of the Weyl spinor are:
Ψ0 = Cabcdl



















































The dyad components of the Maxwell spinor are:
φ0 = Fabl
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The spin coefficients transform as:
κ→ r2nκ (C.25)
κ′ → r−2nκ′ (C.26)
σ → rnσ (C.27)
σ′ → r−nσ′ (C.28)
τ → τ (C.29)
τ ′ → τ ′ (C.30)
ρ→ rnρ (C.31)
ρ′ → r−nρ (C.32)
γ → r−nγ + 1
2
nr−n−1U (C.33)






α′ → α′ − 1
2
nr−1ω. (C.36)
The dyad components of the Weyl spinor transform as:
Ψ0 → r2nΨ0 (C.37)
Ψ1 → rnΨ1 (C.38)
Ψ2 → Ψ2 (C.39)
Ψ3 → r−nΨ3 (C.40)
Ψ4 → r−2nΨ4. (C.41)
The dyad components of the Maxwell spinor transform as:
φ0 → rnφ0 (C.42)
φ1 → φ1 (C.43)
φ2 → r−nφ2. (C.44)
So we see that the fall-offs can be altered, depending on n in rn~l and r−n~n. There are
some quantities which remain invariant, viz. Ψ2, φ1, τ, τ ′; with α, α′ getting additional terms
from order r−2 onwards.
For n = 1, the resulting null tetrad is that of Szabados-Tod [41] which corresponds to the
symmetric scaling of the conformal factor over the spinor dyad oA and ιA.
Appendix D
Details on solving the 42
Newman-Penrose-Maxwell equations
with Λ ∈ R
Asymptotically de Sitter spacetimes have a null tetrad of the form:
~l = ~∂r (D.1)
~n = ~∂u + U~∂r +X
θ~∂θ +X
φ~∂φ (D.2)
~m = ω~∂r + ξ
θ~∂θ + ξ
φ~∂φ (D.3)













In writing this, we adopt the notation that a function f(u, r, θ, φ) can be expanded as a series
f(u, r, θ, φ) =
N∑
i
foi (u, θ, φ)r
−i in r for sufficiently large N , and the superscript o means that
the coefficients foi are independent of r.
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The directional derivatives are





































In the Newman-Penrose formalism, the Christoffel symbols (connection coefficients) are
re-expressed in terms of twelve complex spin coefficients, defined as [68, 73]
κ = maDla (D.13)
κ′ = m̄aD′na (D.14)
σ = maδla (D.15)
σ′ = m̄aδ′na (D.16)
τ = maD′la (D.17)
τ ′ = m̄aDna (D.18)
ρ = maδ′la (D.19)


















The spin coefficients for asymptotically de Sitter spacetimes have the form
κ = 0, γ′ = 0, τ ′ = 0, (D.25)










τ = τ o1 r
−1 +O(r−2) (D.29)
γ = γo−1r + γ
o
2r
−2 +O(r−3), γo−1 6= 0 (D.30)
ρ = ρo1r
−1 + ρo3r
−3 +O(r−4), ρo1 6= 0 (D.31)
ρ′ = ρ′o−1r + ρ
′o
1 r
−1 +O(r−2), ρ′o−1 6= 0 (D.32)
α = αo1r
−1 +O(r−2), αo1 6= 0 (D.33)
α′ = α′o1 r
−1 +O(r−2), α′o1 6= 0. (D.34)
The Einstein field equations relate part of the spacetime curvature (viz. the Einstein
tensor) to the stress-energy tensor. The remaining part of the (Riemann) curvature is con-
tained in the Weyl tensor. In the Newman-Penrose formalism, it is convenient to introduce





























































where Rab is the Ricci tensor, R is the Ricci scalar, Λ is the cosmological constant, and Cabcd
is the Weyl tensor. Since the Maxwell stress-energy tensor is traceless, the Einstein-Maxwell
field equations with cosmological constant give Λ = R/4.







anb + m̄amb) (D.50)
φ2 = Fabm̄
anb, (D.51)
where Fab is the electromagnetic field tensor.
In an electro-Λ spacetime, the Ricci spinor is proportional to the Maxwell spinor [33], so
that
Φab = kφaφ̄b, (D.52)
where k = 2G/c4.
Following the case for asymptotically flat spacetimes [33, 34], we take Ψ0 to have the
fall-off of order r−5, i.e. Ψ0 = (Ψ0)o5r−5 + O(r−6), and φ0 to have the fall-off of order r−3,
i.e. φ0 = (φ0)o3r−3 + O(r−4) (but see Appendix E where these two fall-offs are not required
as additional assumptions when Λ 6= 0). We denote Ψo0 := (Ψ0)o5, Ψ10 := (Ψ0)o6, Ψo1 := (Ψ1)o4,
Ψo2 := (Ψ2)
o
3, Ψo3 := (Ψ3)o2, Ψo4 := (Ψ4)o1, φo0 := (φ0)o3, φ10 := (φ0)o4, φo1 := (φ1)o2, φo2 := (φ2)o1.














where (ξθ)o := (ξθ)o1, (ξφ)o := (ξφ)o1 and thus define the ð and ð′ operators acting on a scalar
η with spin-weight s to be [68]:
ðη := (δo + 2sᾱo)η, ð′η := (δ′o − 2sαo)η, (D.54)
where αo := αo1.
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The metric equations are
[δ,D]r : (11) Dω = ρω + σω̄ + α′ − ᾱ (D.55)
[D′, D]r : (16) DU = 2Re(τ̄ω − γ) (D.56)
[δ,D]θ : (18) Dξθ = ρξθ + σξθ (D.57)
[δ,D]φ : (19) Dξφ = ρξφ + σξφ (D.58)
[D′, D]θ : (20) DXθ = 2Re(τ̄ ξθ) (D.59)
[D′, D]φ : (21) DXφ = 2Re(τ̄ ξφ) (D.60)
[δ,D′]r : (22) D′ω − δU = (ρ′ + 2iIm(γ))ω + σ̄′ω̄ − κ̄′ (D.61)
[δ′, δ]r : (23) Im(δ′ω) = Im(ρ′ + (α+ ᾱ′)ω) (D.62)
[δ,D′]θ : (28) D′ξθ − δXθ = (ρ′ + 2iIm(γ))ξθ + σ̄′ξθ (D.63)
[δ,D′]φ : (29) D′ξφ − δXφ = (ρ′ + 2iIm(γ))ξφ + σ̄′ξφ (D.64)
[δ′, δ]θ : (34) Im(δ′ξθ) = Im((α+ ᾱ′)ξθ) (D.65)
[δ′, δ]φ : (35) Im(δ′ξφ) = Im((α+ ᾱ′)ξφ). (D.66)
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The spin coefficient equations are
(1) Dσ′ = σ′ρ+ ρ′σ̄ − kφ2φ̄0 (D.67)
(2) Dρ = ρ2 + σσ̄ + kφ0φ̄0 (D.68)
(3) Dσ = 2ρσ + Ψ0 (D.69)




(12) Dα = αρ− α′σ̄ + kφ1φ̄0 (D.71)
(13) Dα′ = α′ρ− ασ −Ψ1 (D.72)
(14) Dτ = τρ+ τ̄σ + Ψ1 + kφ0φ̄1 (τ = ᾱ− α′) (D.73)




(17) Dκ′ = τσ′ + τ̄ ρ′ −Ψ3 − kφ2φ̄1 (D.75)
(24) D′σ − δτ = ρσ̄′ + σ(ρ′ + 2γ + 2iIm(γ)) + 2α′τ − kφ0φ̄2 (D.76)




(26) D′ρ′ − δκ′ = σ′σ̄′ + ρ′(ρ′ − 2Re(γ))− 2α′κ′ + kφ2φ̄2 (D.78)
(27) D′σ′ − δ′κ′ = σ′(2Re(ρ′)− 2γ − 2iIm(γ)) + 2ακ′ + Ψ4 (D.79)
(30) D′α− δ′γ = α(ρ̄′ − 2iIm(γ)) + (ᾱ− 2α′)σ′ − ρκ′ −Ψ3 (D.80)
(31) D′α′ + δγ = α′(ρ′ + 2iIm(γ))− ασ̄′ + σκ′ − τρ′ + kφ1φ̄2 (D.81)
(32) δρ− δ′σ = (ᾱ− α′)ρ− (3α+ ᾱ′)σ −Ψ1 + kφ0φ̄1 (D.82)
(33) δ′ρ′ − δσ′ = (ᾱ′ − α)ρ′ − (3α′ + ᾱ)σ′ −Ψ3 + kφ2φ̄1 (D.83)





The Bianchi identities are
(6) (D − 4ρ)Ψ1 − (δ′ − 4α)Ψ0 = −kφ̄0(δ + 2α′)φ0 + kφ̄1Dφ0
− 2kσφ1φ̄0 (D.85)
(7) (D − 3ρ)Ψ2 − (δ′ − 2α)Ψ1 − σ′Ψ0 = −kφ̄0(D′ − 2γ)φ0
+ kφ̄1(δ
′ − 2α)φ0
+ 2kφ1(ρφ̄1 − τ φ̄0) (D.86)
(8) (D − 2ρ)Ψ3 − δ′Ψ2 − 2σ′Ψ1 = −kφ̄0(δ − 2α′)φ2 + kφ̄1Dφ2
− 2kρ′φ1φ̄0 (D.87)




′φ̄1 − κ′φ̄0) (D.88)
(39) (D′ − 4γ − ρ′)Ψ0 − (δ − 4τ + 2α′)Ψ1 − 3σΨ2 = kφ̄1(δ + 2α′)φ0 − kφ̄2Dφ0
+ 2kσφ1φ̄1 (D.89)
(40) κ′Ψ0 + (D
′ − 2γ − 2ρ′)Ψ1 − (δ − 3τ)Ψ2 − 2σΨ3 = kφ̄1(D′ − 2γ)φ0
− kφ̄2(δ′ − 2α)φ0
+ 2kφ1(τ φ̄1 − ρφ̄2) (D.90)
(41) 2κ′Ψ1 + (D
′ − 3ρ′)Ψ2 − (δ − 2τ − 2α′)Ψ3 − σΨ4 = kφ̄1(δ − 2α′)φ2
− kφ̄2Dφ2
+ 2kρ′φ1φ̄1 (D.91)
(42) 3κ′Ψ2 + (D
′ + 2γ − 4ρ′)Ψ3 − (δ − τ − 4α′)Ψ4 = kφ̄1(D′ + 2γ)φ2
− kφ̄2(δ′ + 2α)φ2
+ 2kφ1(κ
′φ̄1 − σ′φ̄2). (D.92)
Maxwell equations are
(4) (D − 2ρ)φ1 = (δ′ − 2α)φ0 (D.93)
(5) (D − ρ)φ2 = δ′φ1 + σ′φ0 (D.94)
(37) (D′ − 2γ − ρ′)φ0 = (δ − 2τ)φ1 + σφ2 (D.95)
(38) (D′ − 2ρ′)φ1 = (δ − τ − 2α′)φ2 − κ′φ0. (D.96)
With the setup in place, the 42 equations of the Newman-Penrose formalism comprising
the metric equations, spin coefficient equations, Bianchi identities, and Maxwell equations
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can be solved asymptotically away from I. These are solved for various orders beginning
from the lowest non-trivial power of r, in the following sequence as indicated by the number
in front of the equation. Listed below are the results when solving them order-by-order.
We begin by solving the radial equations having the D = ∂/∂r derivative. Well, “0 = 0”
means that there is no information or no new information at this order, i.e. the equation is
identically satisfied at this order.
(1) Dσ′ = σ′ρ+ ρ′σ̄ − kφ2φ̄0.
1 : σo1 = 0 (D.97)




So σ′o0 = −
Λ
6




(2) Dρ = ρ2 + σσ̄ + kφ0φ̄0.




































(4) (D − 2ρ)φ1 = (δ′ − 2α)φ0.
r−2 : (φ1)
o
1 = 0 (D.105)




3 = −ð′φo0 (D.107)
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(5) (D − ρ)φ2 = δ′φ1 + σ′φ0




2 = −ð′φo1 − σ′o0 φo0 (D.109)
(6) (D − 4ρ)Ψ1 − (δ′ − 4α)Ψ0 = −kφ̄0(δ + 2α′)φ0 + kφ̄1Dφ0 − 2kσφ1φ̄0.
r−2 : (Ψ1)
o
1 = 0 (D.110)
r−3 : (Ψ1)
o
2 = 0 (D.111)
r−4 : (Ψ1)
o
3 = 0 (D.112)




5 = −ð′Ψo0 + 3kφo0φ̄o1. (D.114)
(7) (D−3ρ)Ψ2−(δ′−2α)Ψ1−σ′Ψ0 = −kφ̄0(D′−2γ)φ0+kφ̄1(δ′−2α)φ0+2kφ1(ρφ̄1−τ φ̄0).
r−2 : (Ψ2)
o
1 = 0 (D.115)
r−3 : (Ψ2)
o
2 = 0 (D.116)











(8) (D − 2ρ)Ψ3 − δ′Ψ2 − 2σ′Ψ1 = −kφ̄0(δ − 2α′)φ2 + kφ̄1Dφ2 − 2kρ′φ1φ̄0.
r−2 : (Ψ3)
o
1 = 0 (D.119)




3 = −ð′Ψo2 − 2σ′o0 Ψo1 + kφo2φ̄o1 + 2kρ′o−1φo1φ̄o0. (D.121)
(9) (D−ρ)Ψ4−(δ′+2α)Ψ3−3σ′Ψ2 = −kφ̄0(D′+2γ)φ2+kφ̄1(δ′+2α)φ2+2kφ1(σ′φ̄1−κ′φ̄0).













Ergo, asymptotically de Sitter spacetimes with Maxwell fields have the peeling property,
arising from the fall-offs of Ψ0 being O(r−5) and φ0 being O(r−3), such that
Ψn = O(r
n−5), φm = O(r
m−3), (D.124)
where n = 0, 1, 2, 3, 4, m = 0, 1, 2.
90 APPENDIX D. DETAILS, 42 NP + MAXWELL WITH Λ ∈ R








r−1 : 0 = 0 (D.126)
r−2 : 0 = 0 (D.127)
r−3 : ρ′o2 = Ψ
o
2 − σoσ′o1 (D.128)
















o − (Ψ2)o4). (D.129)
(11) Dω = ρω + σω̄ + α′ − ᾱ.
r−1 : α′o1 = ᾱ
o (D.130)
r−2 : α′o2 = ᾱ
o
2 (D.131)
r−3 : ωo2 = ᾱ
o
3 − α′o3 − σoω̄o1 = −
1
2
Ψo1 − σoω̄o1, from (12) and (13). (D.132)
(12) Dα = αρ− α′σ̄ + kφ1φ̄0.






















(14) τ = ᾱ− α′.
r−1 : τ o1 = 0 (D.136)
r−2 : τ o2 = 0 (D.137)












r−1 : 0 = 0 (D.140)
r−2 : 0 = 0 (D.141)





(16) DU = 2Re(τ̄ω − γ).
r : 0 = 0 (D.143)
1 : 0 = 0 (D.144)
r−1 : 0 = 0 (D.145)
r−2 : Uo1 = 2Re(γ
o
2) = −Re(Ψo2) (D.146)
r−3 : Uo2 = Re(γ
o
3). (D.147)
(17) Dκ′ = τσ′ + τ̄ ρ′ −Ψ3 − kφ2φ̄1.






r−3 : 2κ′o2 = (Ψ3)
o
3 − σ′o0 τ o3 − τ̄ o4ρ′o−1 + kφo2φ̄o1. (D.149)
(18) Dξθ = ρξθ + σξθ.
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(20) DXθ = 2Re(τ̄ ξθ).


























This concludes solving all 21 radial equations involving the D = ∂/∂r derivative. Next,
we deal with the other 21 equations.
(22) D′ω − δU = (ρ′ + 2iIm(γ))ω + σ̄′ω̄ − κ̄′.




r−1 : κ′o1 = − ˙̄ωo1 −
Λ
4




Incidentally, (17) and (22) imply that
Ψo3 = − ˙̄ωo1 −
Λ
6




(23) Im(δ′ω) = Im(ρ′ + (α+ ᾱ′)ω).
r−1 : Im(ρ′o1 ) = 0 (D.160)
r−2 : Im(ρ′o2 ) = Im(ð′ωo1). (D.161)
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(24) D′σ − δτ = ρσ̄′ + σ(ρ′ + 2γ + 2iIm(γ)) + 2α′τ − kφ0φ̄2.
















σ′o1 = − ˙̄σo






















in accordance to (10) as well.
(D.165)
(26) D′ρ′ − δκ′ = σ′σ̄′ + ρ′(ρ′ − 2Re(γ))− 2α′κ′ + kφ2φ̄2.
r2 : 0 = 0 (D.166)
r : 0 = 0 (D.167)
1 : 0 = 0 (D.168)
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(27) D′σ′ − δ′κ′ = σ′(2Re(ρ′)− 2γ − 2iIm(γ)) + 2ακ′ + Ψ4.
r : 0 = 0 (D.173)
1 : 0 = 0 (D.174)






























(28) D′ξθ − δXθ = (ρ′ + 2iIm(γ))ξθ + σ̄′ξθ.








(ξ̇θ)o = −Λ3 σ
o(ξθ)o













(30) D′α− δ′γ = α(ρ̄′ − 2iIm(γ)) + (ᾱ− 2α′)σ′ − ρκ′ −Ψ3.








α̇o = Λ3 ᾱ










(32) δρ− δ′σ = (ᾱ− α′)ρ− (3α+ ᾱ′)σ −Ψ1 + kφ0φ̄1.
r−3 : ωo1 = ð′σo (D.184)
r−4 : 0 = 0. (D.185)
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(33) δ′ρ′ − δσ′ = (ᾱ′ − α)ρ′ − (3α′ + ᾱ)σ′ −Ψ3 + kφ2φ̄1.
r−1 : 0 = 0 (D.186)
r−2 : Ψo3 = −ð ˙̄σo −
Λ
6





[∂u, ð]σ̄o = ∂u((ξθ)o∂θσ̄o + (ξφ)o∂φσ̄o − 4ᾱoσ̄o)− ð ˙̄σo (D.188)
= (ξ̇θ)o∂θσ̄
o + (ξ̇φ)o∂φσ̄





















as expected from (17) and (22) in Eq. (D.159).
(34) Im(δ′ξθ) = Im((α+ ᾱ′)ξθ).










1 : 0 = 0 (D.194)
r−1 : 0 = 0 (D.195)




(37) (D′ − 2γ − ρ′)φ0 = (δ − 2τ)φ1 + σφ2.
r−2 : 0 = 0 (D.197)




(38) (D′ − 2ρ′)φ1 = (δ − τ − 2α′)φ2 − κ′φ0.
r−1 : 0 = 0 (D.199)
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(39) (D′− 4γ− ρ′)Ψ0− (δ− 4τ + 2α′)Ψ1− 3σΨ2 = kφ̄1(δ+ 2α′)φ0− kφ̄2Dφ0 + 2kσφ1φ̄1.
r−4 : 0 = 0 (D.201)




(40) κ′Ψ0 + (D′− 2γ− 2ρ′)Ψ1− (δ− 3τ)Ψ2− 2σΨ3 = kφ̄1(D′− 2γ)φ0− kφ̄2(δ′− 2α)φ0 +
2kφ1(τ φ̄1 − ρφ̄2).
r−3 : 0 = 0 (D.203)









(41) 2κ′Ψ1 +(D′−3ρ′)Ψ2−(δ−2τ−2α′)Ψ3−σΨ4 = kφ̄1(δ−2α′)φ2−kφ̄2Dφ2 +2kρ′φ1φ̄1.
r−2 : 0 = 0 (D.205)

























(42) 3κ′Ψ2 + (D′ + 2γ − 4ρ′)Ψ3 − (δ − τ − 4α′)Ψ4 = kφ̄1(D′ + 2γ)φ2 − kφ̄2(δ′ + 2α)φ2 +
2kφ1(κ
′φ̄1 − σ′φ̄2).
r−1 : 0 = 0 (D.207)
r−2 : 0 = 0. (D.208)





[∂u, ð] ˙̄σo = −
Λ
3

















The derivation of the first three of these commutators is similar to that for [∂u, ð]σ̄o, as was
done in (33) [Eqs. (D.188)-(D.191)]. The derivation of the [ð,ð′]ðσ̄o commutator involves
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(34) and (35), viz. Eq. (D.193)1. Note that all these commutators [including the one used in
(33)] are zero when Λ = 0, except [ð,ð′]ðσ̄o = 2Θðσ̄o.
In the case of de Sitter spacetime where σo = 0, we have Uo0 = −1/2. Hence from
Eq. (D.172), we take Θ = 1/2.
1This is consistent with (4.14.1) in Penrose-Rindler [68] for [ð, ð′]ðσ̄o, where ðσ̄o is a quantity with p = −2
and q = 0. The term involving Im(ρ′)þ is zero because γ′ = 0 gives þ = ∂/∂r, but ðσ̄o is independent of r.
The term involving Im(ρ)þ′ is zero because ρ is real.
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Appendix E
Proof of the peeling properties for the
Weyl and Maxwell spinors as
consequences of Λ 6= 0
E.1 The setup
Asymptotically (anti-)de Sitter spacetimes may be described by the following null tetrad (see
Chapter 3):
~l = ~∂r (E.1)
~n = ~∂u + U~∂r +X
µ~∂µ (E.2)
~m = ω~∂r + ξ
µ~∂µ (E.3)




Xµ = O(r−1) (E.6)
ω = O(r−1) (E.7)
ξµ = O(r−1). (E.8)
Here, the Greek index µ denotes the two general angular coordinates θ, φ, which label the
null geodesic generators of the outgoing null cones defined by u = constant.
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The directional derivatives are




























The spin coefficients are
κ = γ′ = τ ′ = 0, (E.13)
ρ = ρo1r
−1 +O(r−3), ρo1 6= 0 (E.14)
ρ′ = ρ′o−1r +O(1), ρ
′o
−1 6= 0 (E.15)
σ = σo1r
−1 +O(r−2) (E.16)
σ′ = O(1) (E.17)
γ = γo−1r +O(1), γ
o
−1 6= 0 (E.18)
α = O(r−1) (E.19)
α′ = O(r−1) (E.20)
τ = O(r−1) (E.21)
κ′ = O(1). (E.22)
For the Weyl and Maxwell spinors, they must vanish at infinity [otherwise spacetime is









































1Incidentally, a smooth conformal compactifiability and being vacuum (possibly with Λ) near I would
imply the vanishing of the Weyl curvature on I [62].
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With the Maxwell fields involved, we need to impose the condition ρo1 = −1 which ensures
the usual behaviour of the asymptotic divergence of the congruence of null geodesics induced
by ~l near I. Otherwise, a non-zero (φ0)o1 would affect the divergence behaviour of these null
geodesics near I (see the remark at the end of the next section). Then, we show in the next
section that we have the following results:
σo1 = 0, (φ0)
o
1 = 0, (Ψ0)
o
1 = 0, (Ψ0)
o
2 = 0, (Ψ0)
o





















using the spin coefficient equations and the metric equations, as described below by solving
for the relevant orders of r. Subsequently, one of the Maxwell equations can be used to show
that (φ0)o2 = 0, which would imply the peeling property for the Maxwell spinor (Chapter 3).
Similarly, one of the Bianchi identities can then be used to show that (Ψ0)o4 = 0, upon which
the peeling property for the Weyl spinor follows (Chapters 2 and 3).
E.2 The proof
The following Newman-Penrose-Maxwell equations are solved asymptotically in the given
order:
Dσ′ = σ′ρ+ ρ′σ̄ − kφ2φ̄0,
1 : σo1 = 0, since ρ
′o
−1 6= 0 when Λ 6= 0. (E.32)
Dρ = ρ2 + σσ̄ + kφ0φ̄0,
r−2 : (φ0)
o
1 = 0. (E.33)
Dσ = 2ρσ + Ψ0,
r−1 : (Ψ0)
o
1 = 0 (E.34)
r−2 : (Ψ0)
o
2 = 0 (E.35)
r−3 : (Ψ0)
o
3 = 0. (E.36)
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Dα′ = α′ρ− ασ −Ψ1,
r−1 : (Ψ1)
o
1 = 0 (E.38)
r−2 : (Ψ1)
o
2 = 0. (E.39)










1 = 0. (E.41)
DU = 2Re(τ̄ω − γ),










2 = 0. (E.43)
For a non-zero cosmological constant, we have (φ0)o2 = 0.
Hence, φ0 = O(r−3). With this fall-off for φ0, we have the following peeling property for
the Maxwell spinor (see Chapter 3), i.e. φn = O(rn−3), for n = 0, 1, 2.
Finally, this Bianchi identity (D′ − 4γ − ρ′)Ψ0 − (δ − 4τ + 2α′)Ψ1 − 3σΨ2 = kφ̄1(δ +






4 = 0. (E.44)
For a non-zero cosmological constant2, we have (Ψ0)o4 = 0.
Thus, Ψ0 = O(r−5). With this fall-off for Ψ0, we have the peeling property for the Weyl
spinor (see Chapter 2 or 3), i.e. Ψn = O(rn−5), for n = 0, 1, 2, 3, 4.
Remark : If the Maxwell spinor is zero, then the assumption ρo1 = −1 is not required,
since Dρ = ρ2 + σσ̄ gives at order r−2 [Eq. E.33)] : ρo1(ρo1 + 1) = 0, i.e. ρo1 = −1 because
ρo1 6= 0 [otherwise this would not even reduce to vacuum (anti-)de Sitter spacetime which
does have ρ = −r−1]. With the Maxwell fields involved, then Eq. (E.33) would become:
2In the derivation of the asymptotic solutions with Λ as detailed in the Appendices A and D, this Bianchi
identity is the fourth last equation to be solved, i.e. the 35th out of the 38 Newman-Penrose equations (or
the 39th out of the 42 Newman-Penrose-Maxwell equations). As the focus there was to produce the mass-
loss formula instead of analysing the peeling property, it was not at all obvious that Eq. (E.44) would give
(Ψ0)
o
4 = 0 [there, the trivial equation “0 = 0” was obtained, since Ψ0 = O(r−5) was assumed].
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ρo1(ρ
o
1 + 1) + k|(φ0)o1|2 = 0, which does not guarantee that the congruence of null geodesics
near I behave like the purely vacuum case, i.e. with uniform divergence.
Essentially, a non-zero Λ leads to new leading order terms in U = Λr2/6 + O(r), ρ′ =
−Λr/6 + O(1) and γ = −Λr/6 + O(1), such that the D′ derivative, ρ′ and γ (or the þ′
derivative [68]) in the Maxwell equation/Bianchi identity would effectively shift the term
involving (φ0)o2 or (Ψ0)o4 by an order of r. Since this is the only term at that order, then
(φ0)
o
2 or (Ψ0)o4 has to be zero.
104 APPENDIX E. PEELING PROPERTIES AS CONSEQUENCES OF Λ 6= 0
Bibliography
[1] J. Frauendiener, Classical and Quantum Gravity 14(12), 3413 (1997)
[2] V.-L. Saw, Phys. Rev. D 94, 104004 (2016)
[3] V.-L. Saw, Phys. Rev. D 95, 084038 (2017)
[4] V.-L. Saw, Modern Physics Letters A 32, 1730020 (2017)
[5] V.-L. Saw, arXiv:1705.00435 (2017)
[6] V.-L. Saw, International Journal of Modern Physics D 26(16), 1730027 (2017)
[7] V.-L. Saw, arXiv:1711.01808 (2017)
[8] V.-L. Saw, L.Y. Chew, Gen. Relativ. and Gravit. 44, 2989 (2012)
[9] V.-L. Saw, L.Y. Chew, Gen. Relativ. and Gravit. 46, 1655 (2014)
[10] V.-L. Saw, L.Y. Chew, Chaos, Solitons & Fractals 75, 191 (2015)
[11] V.-L. Saw, Classical and Quantum Gravity 33(6), 065006 (2016)
[12] B.P. Abbott, et al, Phys. Rev. Lett. 116, 061102 (2016)
[13] B.P. Abbott, et al, Phys. Rev. Lett. 116, 241103 (2016)
[14] M.S. Morris, K.S. Thorne, Am. J. Phys. 56(5), 395 (1988)
[15] K.S. Thorne, General Relativity and Gravitation, Proceedings of the 13th International
Conference on General Relativity and Gravitation, edited by R.J. Gleiser, C.N. Koza-
meh, and O.M. Moreschi, (Institute of Physics Publishing, Bristol, England, 1993) pp.
295–315 (1992)




[17] C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation (Freeman, San Francisco, 1973)
[18] A. Einstein, Sitzungsberichte der Königlich Preußischen Akademie der Wissenschaften
(Berlin), Seite 688-696. (1916)
[19] M. Visser, Lorentzian wormholes : from Einstein to Hawking (American Institute of
Physics, New York, 1996)
[20] H.B.G. Casimir, Proc. Kon. Ned. Akad. Wetensch. B51, 793 (1948)
[21] S.K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997)
[22] U. Mohideen, A. Roy, Phys. Rev. Lett. 81, 4549 (1998)
[23] M.P. Hobson, G.P. Efstathiou, A.N. Lasenby, General Relativity: An Introduction for
Physicists (Cambridge University Press, 2006)
[24] H. Bondi, Nature 186, 535 (1960)
[25] H. Bondi, M.G.J. van der Burg, A.W.K. Metzner, Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences 269(1336), 21 (1962)
[26] R.K. Sachs, Proceedings of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences 270(1340), 103 (1962)
[27] J.D. Brown, S.R. Lau, J.W. York, Phys. Rev. D 55, 1977 (1997)
[28] E. Poisson, A Relativist’s Toolkit (Cambridge University Press, 2007)
[29] R. Arnowitt, S. Deser, C. Misner, General Relativity and Gravitation 40(9), 1997 (2008)
[30] R. Arnowitt, S. Deser, C.W. Misner, Phys. Rev. 121, 1556 (1961)
[31] A. Ashtekar, L. Bombelli, O. Reula, in The Covariant Phase Space of Asymptotically
Flat Gravitational Fields, ed. by M. Francaviglia, D. Holm (North-Holland, Amsterdam,
1990), chap. Mechanics, Analysis and Geometry: 200 Years after Lagrange
[32] R. Sachs, Phys. Rev. 128, 2851 (1962)
[33] E.T. Newman, R. Penrose, Journal of Mathematical Physics 3(3), 566 (1962)
[34] E.T. Newman, T.W.J. Unti, Journal of Mathematical Physics 3(5), 891 (1962)
[35] J. Frauendiener, Living Rev. Relativity 7, 1 (2004)
BIBLIOGRAPHY 107
[36] T. Mädler, J. Winicour, Scholarpedia 11(12), 33528 (2016)
[37] E.T. Newman, R. Penrose, Scholarpedia 4(6), 7445 (2009)
[38] A.G. Riess, et al, Astron. J. 116, 1009 (1998)
[39] S. Perlmutter, et al, The Astrophysical Journal 517, 565 (1999)
[40] R. Penrose, Proceedings of the Royal Society of London A: Mathematical, Physical and
Engineering Sciences 284(1397), 159 (1965)
[41] L.B. Szabados, P. Tod, Classical and Quantum Gravity 32(20), 205011 (2015)
[42] P.T. Chruściel, L. Ifsits, Phys. Rev. D 93, 124075 (2016)
[43] X. He, Z. Cao, International Journal of Modern Physics D 24(10), 1550081 (2015)
[44] X. He, Z. Cao, J. Jing, International Journal of Modern Physics D 25(7), 1650086 (2016)
[45] A. Ashtekar, B. Bonga, A. Kesavan, Classical and Quantum Gravity 32(2), 025004
(2015)
[46] A. Ashtekar, B. Bonga, A. Kesavan, Phys. Rev. D 92, 044011 (2015)
[47] A. Ashtekar, B. Bonga, A. Kesavan, Phys. Rev. D 92, 104032 (2015)
[48] A. Ashtekar, B. Bonga, A. Kesavan, Phys. Rev. Lett. 116, 051101 (2016)
[49] N.T. Bishop, Phys. Rev. D 93, 044025 (2016)
[50] G. Date, S.J. Hoque, Phys. Rev. D 94, 064039 (2016)
[51] F. Xie, X. Zhang, “Peeling property of Bondi-Sachs metrics for nonzero cosmological
constant” (2017)
[52] C. Fefferman, C.R. Graham, Conformal invariants, Astérisque numéro hors série “The
mathematical heritage of Élie Cartan” (Lyon, 1984) pp. 95–116 (1985)
[53] C.R. Graham, Volume and area renormalizations for conformally compact Einstein met-
rics, The Proceedings of the 19th Winter School “Geometry and Physics” (Srní, 1999)
pp. 31–42 (Circolo Matematico di Palermo, Palermo, 2000)
[54] H. Friedrich, General Relativity and Gravitation 43(3), 897 (2011)
108 BIBLIOGRAPHY
[55] R. Penrose, General Relativity and Gravitation 43(3), 901 (2011)
[56] S.W. Hawking, Journal of Mathematical Physics 9(4), 598 (1968)
[57] L. Abbott, S. Deser, Nuclear Physics B 195(1), 76 (1982)
[58] K. Nakao, T. Shiromizu, K. Maeda, Classical and Quantum Gravity 11(8), 2059 (1994)
[59] R. Penrose, General Relativity and Gravitation 43(12), 3355 (2011)
[60] R. Penrose, Cycles of Time: An Extraordinary New View of the Universe (Bodley Head,
London, 2010)
[61] A. Ashtekar, A. Magnon, Classical and Quantum Gravity 1, 39 (1984)
[62] R. Penrose, W. Rindler, Spinors and Space-Time: Volume 2, Spinor and Twistor Meth-
ods in Space-Time Geometry (Cambridge Monographs on Mathematical Physics, Cam-
bridge, 1988)
[63] A. Čap, A. Gover, Journal für die reine und angewandte Mathematik 717, 47 (2016)
[64] S. Hawking, Physics Letters B 126(3), 175 (1983)
[65] S.J. Avis, C.J. Isham, D. Storey, Phys. Rev. D 18, 3565 (1978)
[66] P. Breitenlohner, D.Z. Freedman, Annals of Physics 144(2), 249 (1982)
[67] H. Friedrich, Classical and Quantum Gravity 31(10), 105001 (2014)
[68] R. Penrose, W. Rindler, Spinors and Space-Time: Volume 1, Two-Spinor Calculus and
Relativistic Fields (Cambridge Monographs on Mathematical Physics, Cambridge, 1987)
[69] J. Griffiths, J. Podolský, Exact Space-Times in Einstein’s General Relativity (Cambridge
Monographs on Mathematical Physics, Cambridge, 2012)
[70] E.T. Newman, R. Penrose, Phys. Rev. Lett. 15, 231 (1965)
[71] E.T. Newman, R. Penrose, Proceedings of the Royal Society of London A: Mathematical,
Physical and Engineering Sciences 305(1481), 175 (1968)
[72] A.R. Exton, E.T. Newman, R. Penrose, Journal of Mathematical Physics 10(9), 1566
(1969)
BIBLIOGRAPHY 109
[73] P. O’Donnell, Introduction to 2-Spinors in General Relativity (World Scientific Pub Co
Inc, 2003)
[74] R. Geroch, A. Held, R. Penrose, Journal of Mathematical Physics 14(7), 874 (1973)
[75] E.T. Newman, R. Penrose, Journal of Mathematical Physics 7(5), 863 (1966)
[76] G. Date, S.J. Hoque, Phys. Rev. D 96, 044026 (2017)
[77] J.N. Goldberg, A.J. Macfarlane, E.T. Newman, F. Rohrlich, E.C.G. Sudarshan, Journal
of Mathematical Physics 8(11), 2155 (1967)
[78] R. Penrose, Phys. Rev. Lett. 10, 66 (1963)
[79] T.M. Adamo, E.T. Newman, C. Kozameh, Living Reviews in Relativity 15(1), 1 (2012)
[80] J. Frauendiener, Classical and Quantum Gravity 9(6), 1639 (1992)
[81] E.T. Newman, Classical and Quantum Gravity 33(14), 145006 (2016)
[82] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt, Exact Solutions of
Einstein’s Field Equations (Cambridge University Press, 2009)
